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SUMMARY 
A quantum m e c h a n i c a l f o r m u l a t i o n f o r m u l t i p l e s c a t t e r i n g o f 
t h e r m a l - n e u t r o n s f rom m a c r o s c o p i c t a r g e t s i s p r e s e n t e d and a p p l i e d 
t o s i n g l e and d o u b l e s c a t t e r i n g . C r i t i c a l n u c l e a r s c a t t e r i n g from 
l i q u i d s and c r i t i c a l m a g n e t i c s c a t t e r i n g from f e r r o m a g n e t s a r e t r e a t e d 
i n d e t a i l i n t h e q u a s i e l a s t i c a p p r o x i m a t i o n f o r t a r g e t s y s t e m s s l i g h t l y 
a b o v e t h e i r c r i t i c a l p o i n t s . N u m e r i c a l e s t i m a t e s a r e made o f t h e d o u b l e 
s c a t t e r i n g c o n t r i b u t i o n t o t h e c r i t i c a l m a g n e t i c c r o s s s e c t i o n u s i n g 
r e l e v a n t p a r a m e t e r s f rom a c t u a l e x p e r i m e n t s p e r f o r m e d on v a r i o u s f e r r o ­
m a g n e t s . The e f f e c t i s t o a l t e r t h e u s u a l L o r e n t z i a n l i n e s h a p e d e p e n ­
d e n c e on n e u t r o n w a v e v e c t o r t r a n s f e r . C o m p a r i s o n w i t h c o r r e s p o n d i n g 
d e v i a t i o n s i n l i n e s h a p e r e s u l t i n g from t h e u s e o f F i s h e r ' s m o d i f i e d 
form o f t h e O r n s t e i n - Z e r n i k e s p i n c o r r e l a t i o n s w i t h i n t h e f r a m e w o r k 
o f s i n g l e s c a t t e r i n g t h e o r y l e a d s t o v a l u e s f o r t h e c r i t i c a l e x p o n e n t 
n o f t h e m o d i f i e d c o r r e l a t i o n s w h i c h r e p r o d u c e t h e e f f e c t o f d o u b l e 
s c a t t e r i n g . 
I n a d d i t i o n , i t i s shown t h a t b y r e s t r i c t i n g t h e r a n g e o f a p p l i ­
c a b i l i t y o f t h e m u l t i p l e s c a t t e r i n g t h e o r y f rom t h e o u t s e t t o c r i t i c a l 
s c a t t e r i n g , G l a u b e r ' s h i g h e n e r g y a p p r o x i m a t i o n c a n b e u s e d t o p r o v i d e 
a much s i m p l e r and more p o w e r f u l d e s c r i p t i o n o f m u l t i p l e s c a t t e r i n g 
e f f e c t s . When s u f f i c i e n t l y c l o s e t o t h e c r i t i c a l p o i n t , i t p r o v i d e s a 
c l o s e d form e x p r e s s i o n f o r t h e d i f f e r e n t i a l c r o s s s e c t i o n w h i c h i n c l u d e s 
a l l o r d e r s o f s c a t t e r i n g and h a s t h e same form a s t h e s i n g l e s c a t t e r i n g 
c r o s s s e c t i o n w i t h a m o d i f i e d e x p o n e n t f o r t h e w a v e v e c t o r t r a n s f e r . 
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CHAPTER I 
INTRODUCTION 
T h e r m a l - n e u t r o n s c a t t e r i n g i s o n e o f t h e m o s t p o w e r f u l e x p e r i ­
m e n t a l t o o l s f o r i n v e s t i g a t i n g t h e a t o m i c s t r u c t u r e and d y n a m i c s o f 
m a t e r i a l s . The p r i m a r y q u a n t i t y o f i n t e r e s t i n t h e r m a l - n e u t r o n s c a t ­
t e r i n g f r o m m a c r o s c o p i c m a t e r i a l s i s t h e d y n a m i c s t r u c t u r e f a c t o r , 
S ( k , a ) ) , w h i c h c a n b e d e t e r m i n e d from t h e f i r s t Born or s i n g l e s c a t t e r ­
i n g c r o s s s e c t i o n f o r a n e u t r o n t o s c a t t e r w i t h momentum and e n e r g y 
t r a n s f e r s t o t h e m a t e r i a l o f t$L and f u r e s p e c t i v e l y . F o r n u c l e a r 
s c a t t e r i n g o f n e u t r o n s f rom l i q u i d s , S ( k , a ) ) i s t h e F o u r i e r t r a n s f o r m 
o f t h e s p a c e and t i m e d e p e n d e n t d e n s i t y - d e n s i t y c o r r e l a t i o n f u n c t i o n , 
and f o r m a g n e t i c s c a t t e r i n g o f n e u t r o n s from m a g n e t i c m a t e r i a l s , 
S ( k , a ) ) i s t h e F o u r i e r t r a n s f o r m o f t h e s p a c e and t i m e d e p e n d e n t s p i n -
s p i n c o r r e l a t i o n f u n c t i o n . T h e s e c o r r e l a t i o n f u n c t i o n s c a n b e d e t e r ­
m i n e d t h e o r e t i c a l l y f rom m i c r o s c o p i c m o d e l s o f t h e s c a t t e r i n g s y s t e m 
from s t a t i s t i c a l p h y s i c s . 
The e x p e r i m e n t a l l y o b s e r v e d s c a t t e r i n g c r o s s s e c t i o n i s l i n e a r l y 
p r o p o r t i o n a l t o S(S ,a) ) , b u t o n l y p r o v i d e d t h a t m u l t i p l e s c a t t e r i n g s a r e 
n e g l i g i b l e . T h e r e f o r e , t h e e x p e r i m e n t a l p h y s i c i s t e n d e a v o r s t o make 
e x p e r i m e n t a l c o n d i t i o n s s u c h t h a t m u l t i p l e s c a t t e r i n g i s a minimum. 
H o w e v e r , i t i s o f t e n d i f f i c u l t t o e x p e r i m e n t a l l y d e t e r m i n e i f , and t o 
w h a t e x t e n t , m u l t i p l e s c a t t e r i n g i s p r e s e n t . I n a d d i t i o n , w h i l e m u l t i ­
p l e s c a t t e r i n g may b e s m a l l , i t i s o f t e n n o t n e g l i g i b l e and t h e o b s e r v e d 
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s c a t t e r i n g c r o s s s e c t i o n i s n o t s i m p l y p r o p o r t i o n a l t o S ( k , u ) ) . T h u s , 
i t i s d e s i r a b l e t o h a v e a m u l t i p l e s c a t t e r i n g t h e o r y t o a n a l y z e e x p e r i ­
m e n t a l d a t a and from w h i c h t o q u a n t i t a t i v e l y d e t e r m i n e , from e x p e r i ­
m e n t a l p a r a m e t e r s , t h e m a g n i t u d e o f t h e m u l t i p l e s c a t t e r i n g . T h e r m a l -
n e u t r o n m u l t i p l e s c a t t e r i n g t h e o r i e s b a s e d on c l a s s i c a l k i n e t i c t h e o r i e s 
1 2 
h a v e b e e n p r e v i o u s l y o b t a i n e d . ' I n t h i s t r e a t m e n t , a g e n e r a l quantum 
m e c h a n i c a l f o r m u l a t i o n f o r m u l t i p l e s c a t t e r i n g o f t h e r m a l - n e u t r o n s i s 
p r e s e n t e d and a p p l i e d t o s i n g l e and d o u b l e s c a t t e r i n g . 
I n C h a p t e r I I , t h e g e n e r a l s c a t t e r i n g p r o b l e m i s c o n s i d e r e d and 
t h e s c a t t e r i n g c r o s s s e c t i o n i s i n t r o d u c e d . The c r o s s s e c t i o n i s 
e x p r e s s e d i n t e r m s o f t h e t r a n s i t i o n p r o b a b i l i t y f o r a p r o b e p a r t i c l e 
t o make a t r a n s i t i o n from a g i v e n i n i t i a l s t a t e t o a f i n a l s t a t e . T h i s 
p r o b a b i l i t y m u s t b e m o d i f i e d t o d e s c r i b e a s c a t t e r i n g p r o c e s s . The 
r e m a i n d e r o f t h i s t r e a t m e n t i s s p e c i a l i z e d t o n e u t r o n s c a t t e r i n g from 
m a c r o s c o p i c m a t e r i a l s . 
I n C h a p t e r I I I , t h e s c a t t e r i n g - m o d i f i e d n e u t r o n t r a n s i t i o n p r o b ­
a b i l i t y i s d e t e r m i n e d i n a f o r m i n w h i c h t a r g e t o p e r a t o r s a p p e a r o n l y 
a s a v e r a g e s o v e r i n i t i a l t a r g e t s t a t e s . I n a d d i t i o n , t h e m o d i f i c a t i o n s 
made t o t h e p r o b a b i l i t y i n o r d e r t o d e s c r i b e a s c a t t e r i n g p r o c e s s a r e 
c o n s i d e r e d i n d e t a i l . 
I n C h a p t e r I V , t h e c r o s s s e c t i o n o b t a i n e d i n C h a p t e r I I I i s 
e x p a n d e d i n a p e r t u r b a t i v e s e r i e s t h r o u g h t e r m s q u a d r i l i n e a r i n t h e 
i n t e r a c t i o n . The f i r s t t e r m i n t h e s e r i e s e x p a n s i o n r e p r e s e n t s s i n g l e 
s c a t t e r i n g and i s shown t o y i e l d t h e t i m e d e p e n d e n t c o r r e l a t i o n form 
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f o r t h e s i n g l e s c a t t e r i n g c r o s s s e c t i o n f i r s t g i v e n by Van H o v e . The 
3 
r e m a i n d e r o f t h e t e r m s r e p r e s e n t ( 1 ) m i x e d e f f e c t s o f s i n g l e s c a t t e r i n g , 
r e f r a c t i o n and e x t i n c t i o n , w h i c h a r e n e g l e c t e d and ( 2 ) d o u b l e s c a t t e r i n g . 
The d o u b l e s c a t t e r i n g t e r m c o n t a i n s t h e a v e r a g e o v e r i n i t i a l t a r g e t 
s t a t e s o f f o u r t a r g e t o p e r a t o r s , i . e . , a f o u r t a r g e t o p e r a t o r c o r r e l a ­
t i o n f u n c t i o n . For e x p e r i m e n t a l c o n d i t i o n s w h e r e d o u b l e s c a t t e r i n g i s 
a s m a l l e f f e c t , t h e f o u r o p e r a t o r c o r r e l a t i o n f u n c t i o n c a n , t o a g o o d 
a p p r o x i m a t i o n , b e d e c o m p o s e d i n t o p r o d u c t s o f p a i r c o r r e l a t i o n s . The 
d o u b l e s c a t t e r i n g c a n t h e n b e e x p r e s s e d i n t e r m s o f p r o d u c t s o f two 
d y n a m i c s t r u c t u r e f a c t o r s . B o t h t h e s i n g l e and d o u b l e s c a t t e r i n g c r o s s 
s e c t i o n s a r e e x p r e s s e d i n f o r m s a p p l i c a b l e t o t h e n u c l e a r and m a g n e t i c 
s c a t t e r i n g o f n e u t r o n s . 
I n C h a p t e r V, c r i t i c a l n u c l e a r s i n g l e s c a t t e r i n g from l i q u i d s i s 
t r e a t e d i n t h e q u a s i e l a s t i c a p p r o x i m a t i o n and t h e c l a s s i c a l O r n s t e i n -
4 
Z e r n i k e (OZ) c o r r e l a t i o n f u n c t i o n , v a l i d f o r s y s t e m s n e a r t h e i r c r i t i c a l 
p o i n t , i s d e r i v e d u s i n g t h e m e t h o d s o f K l e i n and T i s z a . ^ 
I n C h a p t e r V I , c r i t i c a l n u c l e a r d o u b l e s c a t t e r i n g from l i q u i d s 
i s t r e a t e d i n t h e q u a s i e l a s t i c a p p r o x i m a t i o n . The d e c o m p o s i t i o n o f 
t h e f o u r o p e r a t o r c o r r e l a t i o n f u n c t i o n g i v e n i n C h a p t e r IV i s shown t o 
b e c o m e v i r t u a l l y e x a c t f o r s m a l l - a n g l e , t h e r m a l - n e u t r o n c r i t i c a l s c a t ­
t e r i n g from t a r g e t s s l i g h t l y a b o v e t h e i r c r i t i c a l p o i n t . A d o u b l e 
s c a t t e r i n g p a r a m e t e r , 3 , i s f o u n d from w h i c h an e s t i m a t e o f t h e m a g n i t u d e 
o f t h e d o u b l e s c a t t e r i n g c a n b e o b t a i n e d . 
The n e x t two c h a p t e r s , C h a p t e r V I I and V I I I , t r e a t , r e s p e c ­
t i v e l y , c r i t i c a l m a g n e t i c s i n g l e and d o u b l e s c a t t e r i n g o f u n p o l a r i z e d 
n e u t r o n s from f e r r o m a g n e t s s l i g h t l y a b o v e t h e i r C u r i e t e m p e r a t u r e . The 
4 
s c a t t e r i n g i s a s s u m e d t o b e q u a s i e l a s t i c , and t h e H e i s e n b e r g m o d e l o f 
f e r r o m a g n e t i s m i s a d o p t e d f o r t h e f e r r o m a g n e t s . The s i n g l e s c a t t e r i n g 
c r o s s s e c t i o n i s d e t e r m i n e d i n a form g i v e n b y Van H o v e . Wi th t h e 
a p p r o p r i a t e a p p r o x i m a t i o n s , i t i s shown t h a t t h e c r i t i c a l m a g n e t i c 
s i n g l e and d o u b l e s c a t t e r i n g c r o s s s e c t i o n s c a n b e d e t e r m i n e d from t h e 
c r i t i c a l n u c l e a r s i n g l e and d o u b l e s c a t t e r i n g c r o s s s e c t i o n s b y r e p l a c ­
i n g t h e n u c l e a r s c a t t e r i n g l e n g t h w i t h t h e a p p r o p r i a t e m a g n e t i c s c a t ­
t e r i n g l e n g t h . 
I n C h a p t e r IX, n u m e r i c a l e s t i m a t e s a r e made f o r t h e d o u b l e s c a t ­
t e r i n g c o n t r i b u t i o n t o t h e c r i t i c a l m a g n e t i c c r o s s s e c t i o n u s i n g r e l e ­
v a n t p a r a m e t e r s from a c t u a l e x p e r i m e n t s p e r f o r m e d on v a r i o u s f e r r o -
m a g n e t s . E x p e r i m e n t a l r e s u l t s a r e o f t e n i n t e r p r e t e d u n d e r t h e a s s u m p ­
t i o n t h a t m u l t i p l e s c a t t e r i n g i s n e g l i g i b l e , i m p l y i n g t h a t t h e c r o s s 
s e c t i o n i s p r o p o r t i o n a l t o S ( k , w ) . O b s e r v e d d i s c r e p a n c i e s from t h e s e 
r e s u l t s h a v e b e e n t a k e n a s i n d i c a t i n g a f a i l u r e o f t h e OZ t h e o r y . To 
r e m o v e t h e s e d i s c r e p a n c i e s , F i s h e r p r o p o s e d a m o d i f i c a t i o n t o t h e OZ 
t h e o r y , 7 a l s o d i s c u s s e d i n C h a p t e r I X , w h i c h i n e s s e n c e i n v o l v e s i n t r o ­
d u c i n g a new c r i t i c a l e x p o n e n t , n . T h i s m o d i f i e d t h e o r y , when i n s e r t e d 
i n t h e s i n g l e s c a t t e r i n g c r o s s s e c t i o n , p r o d u c e s a d e v i a t i o n f rom t h e 
u s u a l L o r e n t z i a n l i n e s h a p e o f q u a s i e l a s t i c a l l y s c a t t e r e d n e u t r o n s a s 
a f u n c t i o n o f wave v e c t o r t r a n s f e r . I n C h a p t e r IX , i t i s shown t h a t 
a s i m i l a r q u a l i t a t i v e e f f e c t i s p r o d u c e d w i t h d o u b l e s c a t t e r i n g 
i n c l u d e d , b u t w i t h no m o d i f i c a t i o n t o t h e OZ t h e o r y , and a f u n c t i o n a l 
r e l a t i o n s h i p i s o b t a i n e d b e t w e e n t h e d o u b l e s c a t t e r i n g p a r a m e t e r , 3 , 
and a n a p p a r e n t , d o u b l e s c a t t e r i n g i n d u c e d n . 
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I n C h a p t e r X, i t i s shown t h a t by r e s t r i c t i n g t h e r a n g e o f 
a p p l i c a b i l i t y o f t h e m u l t i p l e s c a t t e r i n g t h e o r y p r e s e n t e d i n C h a p t e r s 
I I I and IV from t h e o u t s e t t o c r i t i c a l s c a t t e r i n g , G l a u b e r ' s h i g h e n e r g y 
g 
a p p r o x i m a t i o n c a n b e u s e d t o p r o v i d e a much s i m p l e r and more p o w e r f u l 
d e s c r i p t i o n o f m u l t i p l e s c a t t e r i n g e f f e c t s . The G l a u b e r a p p r o x i m a t i o n 
i s shown t o g i v e e x a c t l y t h e same r e s u l t s f o r c r i t i c a l s c a t t e r i n g a s 
o b t a i n e d i n C h a p t e r s V t h r o u g h V I I I f rom f i r s t p r i n c i p l e s . I n a d d i t i o n , 
when s u f f i c i e n t l y c l o s e t o t h e c r i t i c a l p o i n t , a c l o s e d form e x p r e s s i o n 
i s o b t a i n e d f o r t h e c r o s s s e c t i o n w h i c h i n c l u d e s a l l o r d e r s o f s c a t t e r ­
i n g and h a s t h e same form a s t h e s i n g l e s c a t t e r i n g c r o s s s e c t i o n w i t h 
a m o d i f i e d e x p o n e n t f o r t h e w a v e v e c t o r t r a n s f e r . 
The l i m i t s o f i n t e g r a t i o n on t h e v a r i o u s i n t e g r a l s a p p e a r i n g i n 
t h i s work h a v e b e e n e x p l i c i t l y d i s p l a y e d o n l y when t h e i r o m i s s i o n m i g h t 
p r o v e t o b e a s o u r c e o f c o n f u s i o n . A l s o , t h e E i n s t e i n c o n v e n t i o n o f 
summing o v e r r e p e a t e d i n d i c e s h a s b e e n a s s u m e d . 
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CHAPTER I I 
THE SCATTERING PROBLEM 
S c a t t e r i n g e n j o y s a v e r y p r o m i n e n t p o s i t i o n i n b o t h t h e o r e t i c a l 
and e x p e r i m e n t a l p h y s i c s . I t s e r v e s a s t h e m o s t p o w e r f u l t o o l u s e d 
by t h e e x p e r i m e n t a l p h y s i c i s t i n t h e i n v e s t i g a t i o n o f m i c r o s c o p i c p h e ­
nomena i n m a t t e r . I n a c c e s s i b l e t o d i r e c t m e a s u r e m e n t , t h e p r o p e r t i e s 
o f t h e m i c r o s c o p i c w o r l d mus t b e d e d u c e d from i n d i r e c t m e a s u r e m e n t s , 
s u c h a s t h o s e i n a s c a t t e r i n g e x p e r i m e n t . I n s u c h e x p e r i m e n t s , p r o b e 
p a r t i c l e s p r e p a r e d i n a known i n i t i a l s t a t e a r e s c a t t e r e d from a t a r ­
g e t o f i n t e r e s t a l s o p r e p a r e d i n a known i n i t i a l s t a t e o r a known d i s ­
t r i b u t i o n o f s t a t e s . The i n t e r a c t i o n b e t w e e n t h e p r o b e p a r t i c l e and 
t h e t a r g e t c a u s e s t r a n s i t i o n s i n b o t h t h e p r o b e and t h e t a r g e t . I f 
t h i s i n t e r a c t i o n i s p r e c i s e l y known and i s s u f f i c i e n t l y w e a k , k n o w l ­
e d g e c a n b e g a i n e d a b o u t t h e t a r g e t from m e a s u r e m e n t s o f t h e f i n a l 
p r o b e p a r t i c l e s t a t e s . 
The t y p e o f p r o b e u s e d and t h e i n i t i a l s t a t e i n w h i c h i t i s p r e ­
p a r e d w i l l d e p e n d on t h e t a r g e t and o n t h e p h y s i c a l q u a n t i t i e s t o b e 
m e a s u r e d i n t h e t a r g e t . F o r e x a m p l e , i f o n e w a n t e d t o m e a s u r e t h e 
c h a r g e d i s t r i b u t i o n i n n u c l e i , o n e w o u l d n e e d a p r o b e p a r t i c l e t h a t 
p o s s e s s e s a c h a r g e , s o t h a t i t w o u l d i n t e r a c t w i t h t h e c h a r g e d i s t r i ­
b u t i o n i n t h e n u c l e u s . I n a d d i t i o n , t h e p r o b e w o u l d h a v e t o h a v e a 
d e B r o g l i e w a v e l e n g t h c o m p a r a b l e t o t h e d i m e n s i o n o f t h e n u c l e u s , s o 
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t h a t quantum i n t e r f e r e n c e e f f e c t s w o u l d b e p r e s e n t . H i g h e n e r g y e l e c ­
t r o n s w o u l d b e a n a p p r o p r i a t e p r o b e . 
T h e r m a l - n e u t r o n s a r e e s p e c i a l l y w e l l s u i t e d a s p r o b e s i n d e t e r ­
m i n i n g t h e s t r u c t u r e and d y n a m i c s o f c o n d e n s e d m a t t e r , i . e . , l i q u i d s 
and s o l i d s . The n e u t r o n , b e i n g a n e u t r a l p a r t i c l e w i t h a m a g n e t i c mo­
m e n t , w i l l b e b a s i c a l l y i n v o l v e d i n two t y p e s o f i n t e r a c t i o n s w i t h t h e 
t a r g e t : n u c l e a r and m a g n e t i c . S i n c e t h e r m a l - n e u t r o n s h a v e w a v e l e n g t h s 
c o m p a r a b l e t o t h e s e p a r a t i o n o f t h e a t o m s i n c o n d e n s e d m a t t e r , t h e y c a n 
b e u s e d t o d e t e r m i n e p h y s i c a l q u a n t i t i e s l i k e d e n s i t y - d e n s i t y c o r r e ­
l a t i o n s , v i a n u c l e a r i n t e r a c t i o n s , and s p i n - s p i n c o r r e l a t i o n s , v i a 
m a g n e t i c i n t e r a c t i o n s . I n a d d i t i o n , s e v e r a l s i m p l i f i n g f e a t u r e s o c c u r 
w i t h t h e u s e o f t h e r m a l - n e u t r o n s . F o r e x a m p l e , d u e t o t h e t h e r m a l -
n e u t r o n ' s l o w e n e r g y c o n t e n t , i t s w a v e l e n g t h i s much l o n g e r t h a n t h e 
r a n g e o f t h e n u c l e a r i n t e r a c t i o n b e t w e e n t h e n e u t r o n and a t a r g e t 
n u c l e u s . T h e r e f o r e , t h e t r u e n u c l e a r i n t e r a c t i o n c a n b e r e p l a c e d w i t h 
i t s S - w a v e a p p r o x i m a t i o n , i . e . , t h e F e r m i - p s e u d o p o t e n t i a l . When c o n ­
s i d e r i n g m a g n e t i c i n t e r a c t i o n s w i t h t h e e l e c t r o n s o f t h e t a r g e t , e l e c ­
t r o n i c e x c i t a t i o n s c a n b e n e g l e c t e d , a g a i n , d u e t o t h e t h e r m a l - n e u t r o n ' s 
l o w e n e r g y c o n t e n t . A l s o , s i n c e t h e n e u t r o n i s a n e u t r a l p a r t i c l e , no 
c o m p l i c a t e d l o n g - r a n g e d C o u l o m b i c i n t e r a c t i o n s a r e p r e s e n t . P u t s i m p l y , 
t h e r m a l - n e u t r o n s a s p r o b e s a r e s i m p l e e n o u g h t o b e h a n d l e d w i t h some 
m a t h e m a t i c a l r i g o r , y e t , r i c h e n o u g h t o s t i l l b e p h y s i c a l l y i n t e r e s t i n g . 
The p h y s i c a l q u a n t i t y o f p r i m a r y i n t e r e s t m e a s u r e d b y an e x p e r i ­
m e n t a l i s t i s t h e s c a t t e r i n g c r o s s s e c t i o n . T h e r e f o r e , t h e t h e o r e t i c i a n 
s h o u l d e x p r e s s h i s r e s u l t s i n t e r m s o f t h e c r o s s s e c t i o n . The c r o s s 
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s e c t i o n , d a , i s d e f i n e d a s t h e number o f p r o b e p a r t i c l e s s c a t t e r e d i n t o 
dN 
s c 
a s o l i d a n g l e dft p e r u n i t t i m e , — , — , d i v i d e d b y t h e number o f i n c i d e n t 
a t 
1 d N i n c 
p r o b e p a r t i c l e s p e r u n i t a r e a p e r u n i t t i m e , — — — — , 
dN / d t 
da = S C ( 2 . 1 ) 
A dN. / d t i n c 
The c r o s s s e c t i o n i s i n d e p e n d e n t o f t h e i n t e n s i t y o f t h e i n c o m i n g 
beam o f p r o b e p a r t i c l e s ; t h e r e f o r e , l e t t i n g t h e beam c o n s i s t o f o n e 
p r o b e p a r t i c l e w i l l n o t a l t e r t h e r e s u l t i n g c r o s s s e c t i o n . The d e n o m ­
i n a t o r o f t h e c r o s s s e c t i o n g i v e n b y Eq. ( 2 . 1 ) may b e w r i t t e n a s 
, dN. 
1 l n c = i ( 2 2 ) 
A d t J i n c 
w h e r e j ^ n c i s t h e p r o b a b i l i t y c u r r e n t d e n s i t y f o r t h e i n c o m i n g p r o b e 
p a r t i c l e . 
The p r o b e , b e f o r e and a f t e r i n t e r a c t i n g w i t h t h e t a r g e t , i s a 
. ->-
f r e e p a r t i c l e w h o s e s t a t i o n a r y s t a t e w a v e f u n c t i o n , ( r | k ) = ^ ( r ) , i s 
d e t e r m i n e d f rom t h e t i m e i n d e p e n d e n t S c h r o d i n g e r e q u a t i o n , 
H = Vk"(r*> ( 2 . 3 ) 
w h e r e H i s t h e f r e e p a r t i c l e H a m i l t o n i a n , 
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2 2 
and m i s t h e m a s s o f t h e p r o b e . W r i t i n g 
2 2 
and u s i n g Eq . ( 2 . 4 ) , S c h r o d i n g e r 1 s e q u a t i o n b e c o m e s 
( V 2 + k 2 ) ^ ( ? ) = 0 . ( 2 . 6 ) 
A p l a n e wave s o l u t i o n o f Eq. ( 2 . 6 ) i s 
^ ( ? ) = C e ~ l k ' r ( 2 . 7 ) 
w h e r e t h e n o r m a l i z a t i o n c o n s t a n t , C, i s t o b e d e t e r m i n e d by t h e i m p o s e d 
b o u n d a r y c o n d i t i o n s . 
U s i n g t h e w a v e f u n c t i o n g i v e n b y Eq . ( 2 . 7 ) t o d e s c r i b e t h e p r o b e 
w o u l d l e a d t o t h e n o n - p h y s i c a l r e s u l t t h a t t h e p r o b a b i l i t y d e n s i t y , p , 
o f f i n d i n g t h e p r o b e a t a n y p o i n t r i s c o n s t a n t . T h i s f a c t r e s u l t s f rom 
t h e d e f i n i t i o n o f p , i . e . , 
P = | ^ ( ? ) | 2 = | C | 2 ( 2 . 8 ) 
H = - V - < 2 ' 4 ) p zm 
1 0 
T h e r e f o r e , t h e p r o b e h a s an e q u a l p r o b a b i l i t y o f b e i n g f o u n d a t a l l 
p o i n t s i n s p a c e . To l o c a l i z e t h e p r o b e i n s p a c e i n o r d e r t o r e f l e c t 
l a b o r a t o r y c o n d i t i o n s , a w a v e p a c k e t s h o u l d b e f o r m e d b y t a k i n g an 
a p p r o p r i a t e s u p e r p o s i t i o n o f w a v e f u n c t i o n s g i v e n b y Eq . ( 2 . 7 ) , i . e . , 
K ? ) = Hcpi& <2-9) 
k 
I f t h e w a v e f u n c t i o n g i v e n b y Eq. ( 2 . 9 ) i s t a k e n t o d e s c r i b e t h e w a v e 
p a c k e t a t t h e i n i t i a l t i m e t = 0 , t h e n t h e t i m e e v o l v e m e n t o f t h e w a v e 
p a c k e t , w h i l e i t r e p r e s e n t s t h e p r o b e a s a f r e e p a r t i c l e , i s g o v e r n e d 
by t h e t i m e d e p e n d e n t S c h r o d i n g e r e q u a t i o n , 
H H r . t ) = i t l (2 .10) 
p dt 
The s o l u t i o n t o Eq . ( 2 . 1 0 ) i s 
^ - i E - t / f l 
< K r , t ) = S c ^ d ) e k ( 2 . 1 1 ) 
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T h i s , i n d e e d , i s o n e way t o p r o c e e d i n s o l v i n g t h e s c a t t e r i n g p r o b l e m . 
H o w e v e r , i t i s p o s s i b l e t o u s e t h e s i m p l e s t a t i o n a r y s t a t e w a v e f u n c t i o n , 
Eq. ( 2 . 7 ) , i n s t e a d o f t h e m o r e c o m p l i c a t e d t i m e d e p e n d e n t w a v e p a c k e t , 
Eq. ( 2 . 1 1 ) , t o d e s c r i b e t h e p r o b e . To do s o , a p p r o p r i a t e a d j u s t m e n t s 
m u s t b e made l a t e r on i n t h e t h e o r y t o r e f l e c t t h e f a c t t h a t t h e p r o b e 
a p p r o a c h e s , i n t e r a c t s , t h e n l e a v e s t h e t a r g e t . T h e s e a d j u s t m e n t s a r e 
1 1 
d i s c u s s e d i n d e t a i l i n C h a p t e r I I I . 
I n o r d e r t o c o n s t r u c t a c o m p l e t e s e t o f o r t h o n o r m a l p r o b e w a v e -
f u n c t i o n s o f t h e t y p e g i v e n by Eq. ( 2 . 7 ) , i . e . , w a v e f u n c t i o n s t h a t 
s a t i s f y 
a p u r e l y m a t h e m a t i c a l s e t o f b o u n d a r y c o n d i t i o n s a r e i m p o s e d on t h e 
w a v e f u n c t i o n s . The p r o b e and t a r g e t a r e e n c l o s e d i n an i m a g i n a r y b o x 
3 
o f a r b i t r a r i l y l a r g e v o l u m e V = L and p e r i o d i c b o u n d a r y c o n d i t i o n s a r e 
i m p o s e d . T h a t i s , a n i n f i n i t e number o f b o x e s , s i d e by s i d e , c o n t a i n i n g 
t h e p r o b e and t a r g e t a r e e n v i s i o n e d , and t h e w a v e f u n c t i o n i s r e q u i r e d 
t o h a v e t h e same v a l u e a t c o r r e s p o n d i n g s p a c e p o i n t s i n t h e v a r i o u s 
b o x e s , i . e . , 
w h e r e n , n and n c a n t a k e on a l l i n t e g e r v a l u e s . I n o r d e r t o s a t i s f y 
x y z & J 
Eq. ( 2 . 1 3 ) , t h e c o m p o n e n t s o f k m u s t b e r e s t r i c t e d t o t a k e o n c e r t a i n 
d i s c r e t e v a l u e s . I n r e c t a n g u l a r c o o r d i n a t e s , t h e s e v a l u e s a r e 
( 2 . 1 2 ) 
( 2 . 1 3 ) 
n . 2TT 
k. = l ( 2 . 1 4 ) 
L 
w h e r e i = x , y , z . Now, r e q u i r i n g t h e w a v e f u n c t i o n s t o s a t i s f y Eq. ( 2 . 1 2 ) 
when t h e i n t e g r a t i o n g o e s o v e r t h e v o l u m e o f any o n e o f t h e b o x e s 
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g i v e s f o r t h e n o r m a l i z a t i o n c o n s t a n t i n Eq. ( 2 . 7 ) , 
C = V ^ ( 2 . 1 5 ) 
Thus from E q s . ( 2 . 8 ) and ( 2 . 1 5 ) , t h e p r o b a b i l i t y d e n s i t y o f t h e p r o b e 
i s g i v e n by 
p = V 1 ( 2 . 1 6 ) 
A s s u m i n g t h a t t h e p r o b e i s i n i t i a l l y p r e p a r e d i n a n e i g e n s t a t e 
| k _ ) o f H p w i t h v e l o c i t y v ^ , t h e p r o b a b i l i t y c u r r e n t d e n s i t y i s 
f i k . 
j . = p v . = — ~ ( 2 . 1 7 ) J m c i mV 
dN 
s c 
The n u m e r a t o r , ., o f t h e c r o s s s e c t i o n g i v e n by Eq . ( 2 . 1 ) 
i s r e l a t e d t o t h e t i m e r a t e o f c h a n g e o f t h e m o d i f i e d p r o b a b i l i t y , P , 
s 
t h a t t h e s c a t t e r i n g s y s t e m ( p r o b e and t a r g e t ) w i l l make a t r a n s i t i o n 
f r o m t h e g i v e n p r e p a r e d i n i t i a l s t a t e a t t i m e t t o a f i n a l s t a t e 
o 
| T f ) | k f ) a t some l a t e r t i m e t . H e r e | T f ) d e n o t e s a s t a t e o f t h e t a r g e t 
The p r o b a b i l i t y m u s t b e m o d i f i e d t o d e s c r i b e a s c a t t e r i n g p r o c e s s ( s e e 
C h a p t e r I I I ) . S i n c e o n l y t h e f i n a l s t a t e s o f t h e p r o b e a r e m e a s u r e d , 
r e g a r d l e s s o f t h e f i n a l t a r g e t s t a t e s , t h e f i n a l t a r g e t s t a t e s m u s t b e 
summed o v e r . I n some s c a t t e r i n g p r o c e s s e s , e . g . , a t o m i c c o l l i s i o n s , 
i t i s s o m e t i m e s p o s s i b l e t o e x p l i c i t l y i n s e r t t h e f i n a l t a r g e t s t a t e s 
i n t h e summing p r o c e s s , d u e t o t h e m a n a g e a b l e ( s m a l l ) number o f s u c h 
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s t a t e s . However, when the target i s a many-body, macroscopic system 
such as a s o l i d or l i q u i d , the huge number of poss ib le f i n a l target 
s t a t e s prohib i t s t h i s procedure. Thus, the hope i s that the sum over 
these f i n a l target s t a t e s as they appear in the probabi l i ty , P , can 
be removed due to c losure . 
The f i n a l s t a t e of the probe, |k^) , i s spec i f i ed by the vector 
quantum "number" k^. Since k^ i s a vector , |k^) i s ac tua l ly spec i f i ed 
by three quantum numbers. In rectangular coordinates , these three 
numbers are k , k and k . In spherical polar coordinates , they are 
x y z 
k^, 0 and cf>. Since the probe i s a free p a r t i c l e , i t s energy, E^, i s 
given by 
2 7 2 
fx k Ef = ^ r (2-18) 
Therefore, an equally good s e t of quantum numbers to speci fy |k^) are 
E^, 0 and <f>. Thus, a f i n a l probe s t a t e i s spec i f i ed by i t s energy and 
the or i enta t ion in space of the wave number vector , k^. Now, s ince 
dN 
sc 
'^
 1
 i s the number of probe p a r t i c l e s scattered into a s o l i d angle 
dti = s i n 0 d0 dcf> per unit time regardless of the energies of the probe 
p a r t i c l e s , and s ince only one incident probe p a r t i c l e i s being consid­
ered, 
dN dP 
- d f - £ ; ^ P ( E f ) d E f d a (2 .19) 
T f E f 
where p(E^)dE^dfi i s the number of f i n a l probe s t a t e s in a s o l i d angle 
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dft w i t h e n e r g i e s b e t w e e n E f and E f + d E f , w h e r e t h e f i n a l p r o b e e n e r g i e s h a v e 
b e e n i n t e g r a t e d o v e r a n d w h e r e t h e f i n a l s t a t e s o f t h e t a r g e t a p p e a r i n g 
i n P h a v e b e e n summed o v e r . I f k , 6 and <}> a r e c h o s e n a s t h e quantum 
o r 
numbers o f | k ^ ) , t h e n t h e d e n s i t y o f f i n a l s t a t e s i s g i v e n by p ( k ^ ) d \ ^ 
and 
p ( E f ) d E f d £ > = p ( k f ) d \ f = p ( k f ) k ^ d k f d f i ( 2 . 2 0 ) 
The d e n s i t y o f f i n a l p r o b e s t a t e s , p ( k ^ ) , c a n b e d e t e r m i n e d by c o n s i d ­
e r i n g k - s p a c e . From Eq. ( 2 . 1 4 ) , e v e r y f i n a l s t a t e o f t h e p r o b e i s 
(n 2TT n 2TT n 2ir \ ~~L— ' ~~L— ' ~ L — / 
/ 2 \ 3 ^ 
T h e r e f o r e , e a c h p o i n t o c c u p i e s a v o l u m e o f i n k - s p a c e , g i v i n g f o r 
t h e d e n s i t y 
p ( k \ ) = - ~ ( 2 . 2 1 ) 
( 2 T T ) J 
Now, f rom Eq. ( 2 . 2 0 ) 
+ 2 d k f 
p ( E f ) = p ( k f ) k £ ( 2 . 2 2 ) 
and f rom Eq. ( 2 . 1 8 ) 
d k , 
f m 
f h k f 
( 2 . 2 3 ) 
T h e r e f o r e , t h e d e n s i t y o f f i n a l s t a t e s i s 
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V k f m 
p ( E f ) = — ^ - 4 - ( 2 . 2 4 ) 
h
l 
From E q s . ( 2 . 2 ) , ( 2 . 1 7 ) , ( 2 . 1 9 ) and ( 2 . 2 4 ) , t h e c r o s s s e c t i o n , Eq. ( 2 . 1 ) , 
i s now g i v e n by 
. .2 2 k . d P c 
da = ^ - 3 E J r d T d V " ( 2 ' 2 5 ) 
(27rf] ) J T f E f k i d t 1 
The q u a n t i t y o f t e n m e a s u r e d i n t h e l a b o r a t o r y i s t h e d i f f e r e n t i a l 
c r o s s s e c t i o n ( D C S ) , ~r , w h i c h i s r e a d i l y o b t a i n e d f rom Eq. ( 2 . 2 5 ) , 
„2 2 dP 
f = - J L j H E J i r i r d E f ( 2 - 2 6 ) 
d S 2
 <2tf f t ) 3 T f E f k i d t f 
W i t h t h e s o p h i s t i c a t e d e q u i p m e n t a v a i l a b l e t o t h e e x p e r i m e n t a l p h y s i c i s t 
t o d a y , t h e s c a t t e r e d p r o b e p a r t i c l e s c a n b e e n e r g y a n a l y z e d ; t h u s t h e 
d 2 a p a r t i a l o r d o u b l e d i f f e r e n t i a l c r o s s s e c t i o n (DDCS), ,_ , c a n b e 
d i i i d E ^ 
m e a s u r e d . From Eq. ( 2 . 2 6 ) , t h e DDCS i s g i v e n by 
J 2 2 2 K dP„ 
d q
 =
 V m _±Y _ S
 ( } 
d
^
d E f ( M ) 3 k i T f d t 
The a p p e a r a n c e o f t h e q u a n t i z a t i o n v o l u m e , V, i n t h e c r o s s s e c ­
t i o n , E q s . ( 2 . 2 6 ) and ( 2 . 2 7 ) , i s d u e t o t h e a r t i f i c i a l b o u n d a r y c o n ­
d i t i o n s i m p o s e d t o p r o d u c e n o r m a l i z e d p r o b e s t a t e s . C e r t a i n l y , n o 
m e a s u r a b l e p h y s i c a l q u a n t i t y c a n d e p e n d on s u c h a n a r b i t r a r y , n o n -
_ 2 
p h y s i c a l q u a n t i t y . As i t t u r n s o u t , t h e p r o b a b i l i t y P , g o e s l i k e V , 
s o t h a t t h e V ' s w i l l c a n c e l . S i n c e a l l m e a s u r a b l e p h y s i c a l q u a n t i t i e s 
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must and w i l l be independent of V, t h i s quantization volume w i l l be 
se t equal to unity from now on wherever i t appears. 
The t h e o r e t i c a l sca t ter ing problem to be attacked and solved i s 
now c l ear . I t i s , for a given target and probe, to determine the 
scattering-modif ied probe t r a n s i t i o n probabi l i ty , P , in a form 
T f 
useful for the ana lys i s of experimental data. The next chapter w i l l 
be devoted to t h i s task. In the remainder of t h i s treatment, only the 
case where the probe i s a thermal-neutron and the target i s a macro­
scopic sample of condensed matter, i . e . , a l iqu id or a s o l i d , w i l l be 
considered. 
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CHAPTER I I I 
d 2 0 4 k f d P N 
d M E f ( 2 , f t ) 3 k i d t 
w h e r e m^ i s t h e n e u t r o n m a s s and 
( V = l ) ( 3 . 1 ) 
P N = Z P s ( 3 . 2 ) 
T f 
i s t h e n e u t r o n t r a n s i t i o n p r o b a b i l i t y , m o d i f i e d t o d e s c r i b e a s c a t t e r i n g 
p r o c e s s . I n t h i s c h a p t e r , t h e s c a t t e r i n g - m o d i f i e d n e u t r o n t r a n s i t i o n 
p r o b a b i l i t y i s d e t e r m i n e d i n a form i n w h i c h t h e t a r g e t o p e r a t o r s a p p e a r 
o n l y a s a v e r a g e s o v e r i n i t i a l t a r g e t s t a t e s . 
The H a m i l t o n i a n , H, f o r t h e s c a t t e r i n g s y s t e m i s g i v e n by 
H = H N + H T + <j>(A,B) ( 3 . 3 ) 
w h e r e H^ i s t h e H a m i l t o n i a n o f t h e n e u t r o n , H^ i s t h e H a m i l t o n i a n o f 
t h e t a r g e t , <f> r e p r e s e n t s t h e i n t e r a c t i o n b e t w e e n t h e n e u t r o n and t h e 
t a r g e t and A and B r e p r e s e n t some d y n a m i c a l o p e r a t o r s o f t h e n e u t r o n 
and t a r g e t r e s p e c t i v e l y . I t i s a s s u m e d t h a t t h e n e u t r o n i s i n i t i a l l y 
THE SCATTERING-MODIFIED NEUTRON TRANSITION PROBABILITY 
The DDCS f o r t h e r m a l - n e u t r o n s c a t t e r i n g was d e t e r m i n e d i n 
C h a p t e r I I and i s g i v e n by Eq. ( 2 . 2 7 ) 
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p r e p a r e d i n a p l a n e w a v e e i g e n s t a t e , o f H^. A p r a c t i c a l d i f f i ­
c u l t y a r i s e s i n t h e i n i t i a l p r e p a r a t i o n o f t h e t a r g e t . S i n c e t h e t a r g e t 
i s t a k e n t o b e a m a c r o s c o p i c s a m p l e , i t i s g e n e r a l l y i m p o s s i b l e t o 
p r e p a r e i t i n a p u r e s t a t e ; t h u s i t c a n n o t b e r e p r e s e n t e d by a s t a t e 
v e c t o r . The b e s t t h a t c a n b e d o n e , i s t o p r e p a r e t h e t a r g e t i n a known 
d i s t r i b u t i o n o f s t a t e s , i . e . , a m i x e d s t a t e . T h e r e f o r e , i t i s n a t u r a l , 
a l t h o u g h n o t n e c e s s a r y , t o d e s c r i b e t h e s c a t t e r i n g s y s t e m i n d e n s i t y 
o p e r a t o r l a n g u a g e , w h i c h t r e a t s b o t h p u r e s t a t e s and m i x e d s t a t e s o n 
an e q u a l b a s i s . 
A s s u m i n g t h a t t h e n e u t r o n and t h e t a r g e t b e g i n i n t e r a c t i n g w i t h 
e a c h o t h e r a t t i m e t , t h e s c a t t e r i n g s y s t e m d e n s i t y o p e r a t o r , P ( t ) , 
O i> 
c a n b e w r i t t e n , a t t i m e t ^ , a s a p r o d u c t o f t h e n e u t r o n d e n s i t y o p e r a t o r , 
P ( t ) , a t t i m e t and t h e t a r g e t d e n s i t y o p e r a t o r , P ( t ) , a t t i m e t , o o 
p S ( t o ) = P N ( t o ) p T ( t o ) ( 3 . 4 ) 
w h e r e 
P N ( t 0 ) = I T > < T ( 3 . 5 ) 
I n t e r m s o f t h e e i g e n s t a t e s , I T ^ ) , o f H^, t h e i n i t i a l t a r g e t d e n s i t y 
o p e r a t o r c a n b e w r i t t e n 
P T ( t c ) - E P T . I T . X T . 
i 
( 3 . 6 ) 
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w h e r e i s t h e p r o b a b i l i t y o f t h e o c c u r r e n c e o f t h e t a r g e t s t a t e [ T . ) . 
i 
From E q s . ( 3 . 5 ) and ( 3 . 6 ) , t h e i n i t i a l s c a t t e r i n g s y s t e m d e n s i t y o p e r ­
a t o r , Eq. ( 3 . 4 ) , i s 
P s ( t G ) = E Y I v l l xk j<T . | ( 3 . 7 ) 
The t i m e e v o l v e m e n t o f P q ( t ) i s d e t e r m i n e d f rom t h e e q u a t i o n o f 
m o t i o n , 
d P q ( t ) 
i t i
 d t = [ H , P s ( t ) ] ( 3 . 8 ) 
w h e r e [ H , P ] = H P - P H . F o r m a l l y s o l v i n g Eq . ( 3 . 8 ) g i v e s 
- i H ( t - t ) / h i H ( t - t ) / h 
P Q ( t ) = e ° p . ( t ) e ° ( 3 . 9 ) 
b b o 
T h e r e f o r e , f rom Eq. ( 3 . 7 ) , t h e s c a t t e r i n g s y s t e m d e n s i t y o p e r a t o r a t 
t i m e t , Eq. ( 3 . 9 ) , i s 
- i H ( t - t ) / h i H ( t - t )fh 
P s ( t ) = E P T e ° |T ) | k ) < k |<T | e ° ( 3 . 1 0 ) 
T . i 1 1 1 1 
The p r o b a b i l i t y , P ^ ( t ) , t h a t t h e s c a t t e r i n g s y s t e m w i l l b e f o u n d 
i n e i g e n s t a t e , | k f ) | T f ) , o f H N + H^ a t t i m e t i s g i v e n by 
P g ( t ) = < T f | < k f | p s ( t ) | k f ) | T f > ( 3 . 1 1 ) 
20 
w h e r e t h e p r i m e o n P ^ ( t ) i n d i c a t e s t h a t t h e p r o b a b i l i t y h a s n o t y e t 
o 
b e e n m o d i f i e d t o d e s c r i b e a s c a t t e r i n g p r o c e s s . From E q s . ( 3 . 1 0 ) and 
( 3 . 1 1 ) , t h e n e u t r o n t r a n s i t i o n p r o b a b i l i t y i s 
KM =Z P ' ( t ) 
T f 
£X> T < T f | < k | e 
T £ T. i f l 
- i H ( t - t ) / h 
° | T ± > | k > 
i H ( t - t )/fl 
x < k . | < T . | e | k f > | T f > ( 3 . 1 2 ) 
The e x p o n e n t i a l s i n E q . ( 3 . 1 2 ) a r e , f rom Eq. ( 3 . 3 ) , 
± l H ( t - tQ)/fi ± i [ H N + H T + <J>](t - tQ)lh = e ( 3 . 1 3 ) 
S i n c e <j> d o e s n o t commute w i t h e i t h e r o r H^, t h e s e e x p o n e n t i a l s c a n n o t 
b e w r i t t e n a s a s i m p l e p r o d u c t o f e x p o n e n t i a l s . H o w e v e r , u s i n g t h e 
a p p r o p r i a t e t i m e o r d e r i n g o p e r a t o r s , o n e c a n w r i t e 
- i H ( t - t o ) / f t -KHJJ + H T ) t / f l 
= e 
d t ' < K O 
fi J-
x e 
1 ( H N + W * (3 .14) 
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iH(t - t o)/ h -±(HN + vvfc r \\ J* dt>(t^ i 
= e T e 
1 ( H N + H T ) t 7 ^ 
x e W ( 3 . 1 5 ) 
where <Kt) is in the interaction picture, 
i ( H + H )t/fi - i ( H + H )t/h 
(|>(t) = e M (j) e M 1 ( 3 . 1 6 ) 
and t h e o p e r a t o r T + ( T _ ) t i m e o r d e r s p r o d u c t s o f t h e <f>(t)'s w i t h t h e 
e a r l i e r ( l a t e r ) t i m e t o t h e r i g h t . A d e r i v a t i o n o f t h e i d e n t i t i e s 
g i v e n by E q s . ( 3 . 1 4 ) and ( 3 . 1 5 ) i s p r o v i d e d i n A p p e n d i x I . I n s e r t i n g 
t h e s e i d e n t i t i e s i n t o Eq. ( 3 . 1 2 ) , r e a r r a n g i n g t h e m a t r i x e l e m e n t s and 
u s i n g c l o s u r e o v e r t h e f i n a l t a r g e t s t a t e s , i . e . , 
Y_ IT ><T | = 1 ( 3 . 1 7 ) 
T 
f 
t h e n e u t r o n t r a n s i t i o n p r o b a b i l i t y b e c o m e s , 
1 1 f dt^(t') 
t 
o 
KM = £ P <k |<T | T _ e | k > 
T. i 
l 
- ^  f dt'<KO 
x < k f | T + e ° I T . ) ! ! ) ( 3 . 1 8 ) 
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At t h i s p o i n t , t h e n e u t r o n t r a n s i t i o n p r o b a b i l i t y , P ^ ( t ) , g i v e n 
by Eq. ( 3 . 1 8 ) i s m o d i f i e d t o d e s c r i b e a s c a t t e r i n g p r o c e s s . The f a c t 
t h a t P ^ ( t ) d o e s n o t d e s c r i b e a s c a t t e r i n g p r o c e s s c a n r e a d i l y b e s e e n 
dP-(t) 
by n o t i n g t h a t , i n g e n e r a l , — — — i s t i m e d e p e n d e n t ; t h u s , f rom Eq. 
( 3 . 1 ) , i t w o u l d g i v e r i s e t o a n o n s e n s i c a l t i m e d e p e n d e n t DDCS. The 
n e u t r o n t r a n s i t i o n p r o b a b i l i t y d o e s d e s c r i b e t h e u n p h y s i c a l s i t u a t i o n 
o f s u d d e n l y i m m e r s i n g t h e t a r g e t , a t t i m e t Q , i n a p l a n e w a v e , w h i c h 
r e p r e s e n t s t h e n e u t r o n . Now, s i n c e a p l a n e w a v e h a s a n o n - z e r o a m p l i ­
t u d e a t a l l p o i n t s i n s p a c e , t h e t a r g e t and n e u t r o n w i l l i n t e r a c t i n d e -
d P N ( t ) 
f i n i t e l y f rom t i m e t Q . I n s u c h a p r o c e s s , — — — w i l l s u r e l y d e p e n d 
on t i m e . 
I n a s c a t t e r i n g p r o c e s s , t h e n e u t r o n and t a r g e t w i l l n o t i n t e r a c t 
when t h e y a r e s u f f i c i e n t l y f a r a p a r t a t some i n i t i a l t i m e t Q . As t i m e 
e v o l v e s from t and t h e n e u t r o n m o v e s c l o s e r t o t h e t a r g e t , t h e s t r e n g t h 
o f t h e i n t e r a c t i o n , <|), w i l l c o n t i n u o u s l y i n c r e a s e f rom z e r o t o i t s f u l l 
v a l u e when t h e n e u t r o n i s on t o p o f t h e t a r g e t , t h e n c o n t i n u o u s l y 
d e c r e a s e t o z e r o a g a i n a s t h e n e u t r o n l e a v e s t h e t a r g e t . T h i s s c a t t e r ­
i n g p r o c e s s w o u l d b e d e s c r i b e d by t h e f o r m a l i s m i f t h e n e u t r o n w e r e 
r e p r e s e n t e d b y a wave p a c k e t s i n c e , t h e n , t h e n e u t r o n w o u l d b e l o c a l ­
i z e d i n s p a c e and t h e s t r e n g t h o f t h e i n t e r a c t i o n , <|), w o u l d b e g o v e r n e d 
b y t h e f u n c t i o n a l form o f <j) a s i t d e p e n d s on t h e r e l a t i v e n e u t r o n -
t a r g e t s e p a r a t i o n . 
The d e s c r i p t i o n o f t h e s c a t t e r i n g p r o c e s s i s l o s t b y u s i n g n o n -
l o c a l i z e d p l a n e w a v e s t o r e p r e s e n t t h e n e u t r o n , b u t c a n b e r e g a i n e d i f 
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t h e i n t e r a c t i o n i s a r t i f i c i a l l y t u r n e d on and t u r n e d o f f i n t i m e t o m i m i c 
t h e p a s s i n g o f t h e t a r g e t b y t h e n e u t r o n i n s p a c e . W i t h o u t l o s s o f g e n ­
e r a l i t y , t h e t i m e t = 0 i s c h o s e n f o r t h e t i m e when t h e n e u t r o n and t a r ­
g e t a r e f u l l y i n t e r a c t i n g , and t h e p e r i o d o f e f f e c t i v e i n t e r a c t i o n i s 
d e n o t e d b y A T . Now, t a k i n g t h e i n i t i a l t i m e t Q t o b e i n t h e r e m o t e p a s t , 
i . e . t Q -> - 0 0 , t h e i n t e r a c t i o n , <j>, i s m o d i f i e d t h u s l y , 
<j>(t) -> 4>(t) e t M x ( t < 0 ) ( 3 . 1 9 ) 
The c o r r e s p o n d i n g m o d i f i c a t i o n o f <Kt) f o r t i m e s t £ 0 n e e d n o t b e c o n -
d P N 
s i d e r e d ; f o r , c l e a r l y , t h e n e u t r o n t r a n s i t i o n r a t e , > a s i t a p p e a r s 
i n t h e DDCS Eq. ( 3 . 1 ) , d e s c r i b e s a s c a t t e r i n g p r o c e s s o n l y f o r t i m e s 
t « A T ( 3 . 2 0 ) 
dPN 
s i n c e = 0 f o r t i m e s | t | ^ A T . Once t h e m o d i f i c a t i o n ( 3 . 1 9 ) o f 4>(t) 
h a s b e e n m a d e , t h e l i m i t t -> - 0 0 i m p o s e d and a l l a r i t h m e t i c m a n i p u ­
l a t i o n s h a v e b e e n c o m p l e t e d , Ax c a n b e r e m o v e d f rom t h e r e s u l t i n g e x p r e s ­
s i o n s , h a v i n g s e r v e d i t s p u r p o s e , by l e t t i n g ^ 0 . P h y s i c a l l y , 
l e t t i n g -> 0 i s a s t a t e m e n t o f t h e f a c t t h a t t h e u n c e r t a i n t y i n t h e 
i n t e r a c t i o n t i m e i s l a r g e . One c o n s e q u e n c e o f t h i s , a s w i l l b e s h o w n , 
i s t h a t t h e u n c e r t a i n t y i n t h e s c a t t e r i n g s y s t e m ' s e n e r g y i s s m a l l , 
i . e . , e n e r g y i s c o n s e r v e d . T h i s i s , o f c o u r s e , i n a g r e e m e n t w i t h t h e 
u n c e r t a i n t y p r i n c i p l e , i . e . , 
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AEAt I h 
( 3 . 2 1 ) 
One a d d i t i o n a l m o d i f i c a t i o n i s n e c e s s a r y . S i n c e t h e c r o s s s e c ­
t i o n i s d e f i n e d i n t e r m s o f t h e number o f n e u t r o n s s c a t t e r e d , i . e . , 
t h e number o f n e u t r o n s t h a t a c t u a l l y i n t e r a c t w i t h t h e t a r g e t , P^(t) 
m u s t b e m o d i f i e d t o e x c l u d e t h e p r o b a b i l i t y o f a n e u t r o n p a s s i n g 
s t r a i g h t t h r o u g h t h e t a r g e t w i t h o u t e v e r h a v i n g i n t e r a c t e d w i t h t h e 
t a r g e t . T h a t i s , t h e n e u t r o n t r a n s i t i o n p r o b a b i l i t y m u s t b e m o d i f i e d 
s o t h a t i t v a n i s h e s a s <$>(t) v a n i s h e s . T h i s i s a c c o m p l i s h e d by s i m p l y 
s u b t r a c t i n g t h e number o n e from b o t h e x p o n e n t i a l s i n P . ' ( t ) , Eq. ( 3 . 1 8 ) . 
The a b o v e m e n t i o n e d m o d i f i c a t i o n s a r e now a p p l i e d t o t h e n e u t r o n 
t r a n s i t i o n p r o b a b i l i t y , ? ^ ( t ) , Eq. ( 3 . 1 8 ) , i n o r d e r t o o b t a i n t h e 
s c a t t e r i n g - m o d i f i e d n e u t r o n t r a n s i t i o n p r o b a b i l i t y , P ( t ) . T h u s , 
l i m 
E P T <1| < T . | T _ e x p i f d t ' < K O e e t ' - 1 v 
—oo 
( 3 . 2 2 ) 
w h e r e 
1 ( 3 . 2 3 ) 
As w i l l b e s h o w n , t h e t i m e d e r i v a t i v e o f P>T(t) g i v e n by Eq. ( 3 . 2 2 ) 
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w i l l i n d e e d b e i n d e p e n d e n t o f t i m e when t h e t i m e r e s t r i c t i o n ( 3 . 2 0 ) i s 
p r o p e r l y t a k e n i n t o a c c o u n t . From Eq. ( 3 . 2 3 ) , t h i s r e s t r i c t i o n i s now 
e t « 1 ( 3 . 2 4 ) 
I n o r d e r t o o b t a i n ^ ( t ) i n a form i n w h i c h t a r g e t o p e r a t o r s 
a p p e a r o n l y a s a v e r a g e s o v e r i n i t i a l t a r g e t s t a t e s , t h e f i n a l n e u t r o n 
s t a t e v e c t o r s i n Eq. ( 3 . 2 2 ) m u s t b e r e m o v e d from t h e i r p r e s e n t p o s i t i o n 
" i n s i d e " t h e t a r g e t a v e r a g e . F o r m a l l y t h i s c a n b e a c c o m p l i s h e d , e v e n 
t h o u g h <j>(t) c o n t a i n s n e u t r o n o p e r a t o r s A, b y i n t r o d u c i n g t h e s u b s c r i p t s 
1 , 2 o n n e u t r o n o p e r a t o r s and s t a t e v e c t o r s , b y w r i t i n g Eq. ( 3 . 2 2 ) a s 
V t ) - ^ E P & | < T . | T _ e x p i f d t ^ < O e 
T. " i "1 
l 
i ft e t 
<k |T e x p 
2 
e t 
- l | T . ) | k . > ( 3 . 2 5 ) 
i i 2 
and by i n t r o d u c i n g a new p o s i t i o n o r d e r i n g o p e r a t o r , w ^ i c ^ m o v e s 
a l l o p e r a t o r s and s t a t e v e c t o r s w i t h s u b s c r i p t 1 t o t h e l e f t o f a l l 
o p e r a t o r s and s t a t e v e c t o r s w i t h s u b s c r i p t 2 . I n t r o d u c i n g t h i s o p e r a ­
t o r i n t o Eq. ( 3 . 2 5 ) a l l o w s o n e t o f r e e l y move a l l o p e r a t o r s and s t a t e 
v e c t o r s w i t h d i f f e r e n t s u b s c r i p t s p a s t e a c h o t h e r , s i n c e P w i l l 
r e s t o r e t h e c o r r e c t o r d e r . T h e r e f o r e , 
26 
i f d t ' + 1 ( t - ) e E T ' " 1 ) 
x ( T + e x p D > | t > |k > 
2 1 
( 3 . 2 6 ) 
w h e r e 
( . . . ) = E P T < T ± | . . . | T i > , ( 3 . 2 7 ) 
T . i 
L 
^ ( t ) = ( ^ ( t ) , B ( t ) ] ( 3 . 2 8 ) 
and 
± H N t f * " ± H N 
A 1 ( t ) = e 1 A e 1 ( 3 . 2 9 ) 
Once t h e p o s i t i o n i n g o p e r a t o r P ^  n a s r e s t o r e d t h e c o r r e c t o r d e r i n g 
among t h e n e u t r o n o p e r a t o r s and s t a t e v e c t o r s , t h e s u b s c r i p t s 1 , 2 may 
b e d r o p p e d . 
T h e r e f o r e , a t l e a s t f o r m a l l y , t h e s c a t t e r i n g - m o d i f i e d n e u t r o n 
t r a n s i t i o n p r o b a b i l i t y , P ( t ) , a s g i v e n b y Eq . ( 3 . 2 6 ) , i s now i n a 
form i n w h i c h t a r g e t o p e r a t o r s a p p e a r o n l y a s a v e r a g e s o v e r i n i t i a l 
t a r g e t s t a t e s . D i f f e r e n t i a t i n g P ^ ( t ) w i t h r e s p e c t t o t i m e , t h e n i n s e r t ­
i n g t h e r e s u l t s i n t o Eq. ( 3 . 1 ) g i v e s t h e DDCS i n c l o s e d f o r m . H o w e v e r , 
t h i s r e s u l t i n g e x p r e s s i o n f o r t h e DDCS i s o f l i t t l e p r a c t i c a l u t i l i t y 
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d u e t o t h e p r e s e n c e o f t h e t i m e and p o s i t i o n o r d e r i n g o p e r a t o r s . 
O b t a i n i n g t h e c r o s s s e c t i o n i n a c l o s e d form u s e f u l f o r a n a l y s i s o f 
e x p e r i m e n t a l d a t a a p p e a r s , a t b e s t , t o b e a f o r m i d a b l e t a s k , and w i l l 
b e c o n s i d e r e d b r i e f l y i n C h a p t e r X w i t h i n t h e f ramework o f c r i t i c a l 
s c a t t e r i n g and t h e n o n l y i n an a p p r o x i m a t e w a y . A p e r t u r b a t i v e e x p a n ­
s i o n o f t h e DDCS t h r o u g h s e c o n d o r d e r w i l l b e c o n s i d e r e d i n t h e n e x t 
c h a p t e r , and i n t h i s r e g a r d , t h e f o r m a l i s m p r e s e n t e d h e r e a p p e a r s t o b e 
m o r e p o w e r f u l t h a n o t h e r known f o r m a l i s m s when d e a l i n g w i t h m a c r o s c o p i c 
t a r g e t s . For e x a m p l e , t h e c r o s s s e c t i o n i n t e r m s o f t h e t r a n s i t i o n 
m a t r i x c a n a l s o b e w r i t t e n i n c l o s e d f o r m , a g a i n , w i t h l i t t l e p r a c t i c a l 
u t i l i t y . Upon e x p a n d i n g i n a p e r t u r b a t i v e s e r i e s , t h e f i r s t o r d e r t e r m 
e x p l i c i t l y c o n t a i n s f i n a l t a r g e t s t a t e s , w h i l e h i g h e r o r d e r t e r m s c o n ­
t a i n b o t h f i n a l t a r g e t s t a t e s and sums o v e r i n t e r m e d i a t e t a r g e t s t a t e s . 
3 
By a d r o i t m a t h e m a t i c a l m a n e u v e r i n g , Van Hove showed how, i n f i r s t 
o r d e r , t h e sum o v e r f i n a l t a r g e t s t a t e s c o u l d b e r e m o v e d from t h e c r o s s 
s e c t i o n v i a c l o s u r e , t h u s l e a v i n g t h e c r o s s s e c t i o n i n t e r m s o f t h e 
d y n a m i c s t r u c t u r e f a c t o r , S ( k , o j ) , w h i c h c o n t a i n s t a r g e t o p e r a t o r s o n l y 
a s a v e r a g e s o v e r i n i t i a l t a r g e t s t a t e s , i . e . , t i m e - d e p e n d e n t c o r r e l a t i o n 
f u n c t i o n s o f t a r g e t o p e r a t o r s . R e m o v i n g t h e i n t e r m e d i a t e and f i n a l 
t a r g e t s t a t e s i n h i g h e r o r d e r t e r m s i n o r d e r t o o b t a i n t h e c r o s s s e c t i o n 
i n t e r m s o f c o r r e l a t i o n f u n c t i o n s a p p e a r s t o r e q u i r e e v e n more m a t h e ­
m a t i c a l i n g e n u i t y . H o w e v e r , i n t h e f o r m a l i s m p r e s e n t e d h e r e , t h e DDCS, 
i n c l o s e d f o r m , i s a l r e a d y e x p r e s s e d i n t e r m s o f t h e i n i t i a l t a r g e t 
a v e r a g e o f t a r g e t o p e r a t o r s ; t h u s a l l t e r m s i n a p e r t u r b a t i v e e x p a n s i o n 
w i l l b e e x p r e s s e d i n t e r m s o f c o r r e l a t i o n f u n c t i o n s o f t a r g e t o p e r a t o r s . 
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An e x p a n s i o n o f t h e c r o s s s e c t i o n i n w h i c h e v e r y t e r m i s 
e x p r e s s e d i n t e r m s o f c o r r e l a t i o n f u n c t i o n s o f t a r g e t o p e r a t o r s i s and 
m u s t b e e q u i v a l e n t t o any o t h e r c o r r e c t l y d o n e e x p a n s i o n . The p r a c t i c a l 
u t i l i t y o f t h e f o r m e r e x p a n s i o n i s t h a t c o r r e l a t i o n f u n c t i o n s h a v e a 
w e l l known p h y s i c a l m e a n i n g and c a n b e o b t a i n e d e x a c t l y o r a p p r o x i m a t e l y 
from m i c r o s c o p i c m o d e l s i n s t a t i s t i c a l p h y s i c s . H e r e i n l i e s t h e power 
o f t h e f o r m a l i s m p r e s e n t e d i n t h i s c h a p t e r . 
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CHAPTER IV 
2 m 2 
d a l i m N f 
dfidE^ e-K) , N 3 k . f (2-rrn) 1 
*
 p i 2 h < \ K \ K ( T - 6 X P fl - r 
dt'(f> ( f ) e e t 
- 1 ) 
x (T e x p I F D F * ( O E 
' ' —oo 
e t 
" D > | T > |k > ( 4 . 1 ) 
2 1 
w h e r e t h e t a r g e t o p e r a t o r s , A ( t ) , w h i c h a r e c o n t a i n e d i n t h e i n t e r a c t i o n 
(f)(t), a p p e a r o n l y i n t h e a v e r a g e o v e r i n i t i a l t a r g e t s t a t e s . To p r o c e e d 
f u r t h e r , a s p e c i f i c form f o r t h e i n t e r a c t i o n i s c h o s e n , n a m e l y , 
<Kt) = A ( t ) B ( t ) . ( 4 . 2 ) 
T h i s f orm f o r t h e i n t e r a c t i o n i s f o u n d i n many p r o c e s s e s , i n c l u d i n g t h e 
THERMAL-NEUTRON SINGLE AND DOUBLE SCATTERING 
I n t h i s c h a p t e r , t h e DDCS o b t a i n e d i n C h a p t e r I I I i s e x p a n d e d i n 
a p e r t u r b a t i v e s e r i e s and t h e s i n g l e and d o u b l e s c a t t e r i n g c r o s s s e c ­
t i o n s a r e c o n s i d e r e d i n d e t a i l . 
The DDCS f o r t h e r m a l - n e u t r o n s c a t t e r i n g was o b t a i n e d i n C h a p t e r 
I I I and i s g i v e n by 
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n u c l e a r and m a g n e t i c s c a t t e r i n g o f n e u t r o n s ( s e e C h a p t e r s V and V I I ) . 
Now, s i n c e A^, A^ and B a l l commute w i t h e a c h o t h e r , t h e t i m e o r d e r i n g 
o p e r a t o r s a p p e a r i n g i n Eq. ( 4 . 1 ) may b e w r i t t e n a s 
A B 
A B 
T = T T ( 4 . 3 ) 
T h e r e f o r e , f rom E q s . ( 4 . 2 ) and ( 4 . 3 ) , t h e t a r g e t a v e r a g e a p p e a r i n g i n 
Eq. ( 4 . 1 ) b e c o m e s 
A A B 
< • . . ) = T_ T + <(T_ e x p - [* d t ' A 1 ( t ' ) B ( t O e 
e t ' 
- 1 ) 
x ( T + e x p f j * d t ' A 9 ( t ' ) B ( t ' ) e e t - 1 ) > ( 4 . 4 ) 
I n o r d e r t o o b t a i n t h e s i n g l e and d o u b l e s c a t t e r i n g c r o s s s e c ­
t i o n s , Eq. ( 4 . 1 ) m u s t b e e x p a n d e d i n a p e r t u r b a t i v e s e r i e s . T h i s i s 
a c c o m p l i s h e d by e x p a n d i n g t h e t a r g e t a v e r a g e , Eq . ( 4 . 4 ) , i n a T a y l o r ' s 
s e r i e s , i . e . , 
A(A) = <(T e x p A - f d t ' A , ( t ' ) B ( O e 
h J _ 1 
e t ' 
- 1 ) 
x ( T + e x p - A i f d t ' A 0 ( t ' ) B ( O e e t 
- D > - E ^ * n 
n=0 
( 4 . 5 ) 
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w h e r e 
A = d N A ( A ) 
n
 d x n 
( 4 . 6 ) 
A=0 
and w h e r e f i n a l l y , A i s s e t e q u a l t o u n i t y . T h i s i s e q u i v a l e n t t o 
e x p a n d i n g t h e e x p o n e n t i a l s i n Eq. ( 4 . 4 ) and w r i t i n g t h e r e s u l t s a s a 
power s e r i e s i n B . The f i r s t s e v e r a l t e r m s a r e 
A 0 = A l " ° ( 4 . 7 ) 
A e ( t + t ) 
2T = ~ 2 „ d t l J i t 2 A l ( t l > A 2 ( T 2 } < B ( V B ( t 2 ) > e ( 4 . 8 ) 
h — CO —OO 
A
 3 ± t t t 
7 = L J D T ! J D T 2 I d t A x ( t ) A 1 ( t 2 ) A ( t ) 
fx —OO —OO —OO 
x < B ( t 2 ) B ( t 1 ) B ( t 3 ) ) e 
£ ( t l + t 2 + T3 ) 
" 3^ J" DTL D T 2 2 d t 3 A 1 ( t 1 ) A 2 ( t 2 ) A 2 ( t 3 ) 
fx — OO —00 —OO 
x < B ( t 1 ) B ( t 2 ) B ( t 3 ) > e 
e ( t 1 + t 2 + t 3 ) 
( 4 . 9 ) 
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^ = " h / d t l I1 d t 2 Z2 d t 3 / d t 4 A 1 ( t 1 ) A 1 ( t 2 ) A 1 ( t 3 ) A 2 ( t 4 ) 
x < B ( t 3 ) B ( t 2 ) B ( t 1 ) B ( t 4 ) > e 
e ( t + t- + t 3 + t ^ ) 
, t t t t 
+
 " 4 J d t i J D T 2 ^ d t 3 J" d t 4 A 1 ( t 1 ) A 1 ( t 2 ) A 2 ( t 3 ) A 2 ( t 4 ) 
^ —CO —CO —CO —CO 
x < B ( t 2 ) B ( t 1 ) B ( t 3 ) B ( t 4 ) > e 
e ( t 1 + t 2 + t 3 + t 4 ) 
" h f D T L / d t 2 d t 3 / 3 D V L ( T L ) A 2 ( t 2 ) A 2 ( t 3 ) A 2 ( t : 4 ) 
—CO —CO —CO —00 
x ( B ( t 1 ) B ( t 2 ) B ( t 3 ) B ( t 4 ) > e 
£ ( t l + t2 + t 3 + tl? ( 4 . 1 0 ) 
T h e DDCS c a n now b e w r i t t e n a s 
_j£o_
 =
 l i m 4 h
 p d_ { , j | T A l T A 2 y ^ , J . . J , 
d f i d E , e->0
 M 3 k . * 1 2 d t ^ f ' ^ i ' - A + ^ . n ! | k i / | k f / f ( 2 T T M ) 1 2 1 n = 2 2 1 
( 4 . 1 1 ) 
T h e A 2 t e r m , E q . ( 4 . 8 ) , r e p r e s e n t s s i n g l e s c a t t e r i n g a n d r e t a i n ­
i n g o n l y t h i s t e r m i n E q . ( 4 . 1 1 ) w o u l d r e s u l t i n t h e f i r s t B o r n s c a t ­
t e r i n g c r o s s s e c t i o n . The A_ t e r m , E q . ( 4 . 9 ) , c o n t a i n s t h e m i x e d 
3 3 
e f f e c t s o f s i n g l e s c a t t e r i n g and r e n o r m a l i z e d p r o b e b e h a v i o r due t o 
t h e f a c t t h a t t h e n e u t r o n i s m o v i n g i n t h e medium o f t h e t a r g e t , i . e . , 
a r e f r a c t i o n e f f e c t . The f i r s t and l a s t t e r m s i n Eq. ( 4 . 1 0 ) c o n t a i n 
t h e m i x e d e f f e c t s o f s i n g l e s c a t t e r i n g , r e f r a c t i o n , and d e p l e t i o n o f 
t h e n e u t r o n beam d u e t o t h e f a c t t h a t s c a t t e r i n g i s o c c u r r i n g , i . e . , an 
e x t i n c t i o n e f f e c t . The m i d d l e t e r m i n A, c o n t a i n s t h e t r u e d o u b l e 
4 
s c a t t e r i n g . T h i s t e r m and A^ w i l l b e t h e o n l y t e r m s r e t a i n e d i n o r d e r 
t o o b t a i n t h e d o u b l e and s i n g l e s c a t t e r i n g c r o s s s e c t i o n s . The 
n e g l e c t e d t e r m s and t h e j u s t i f i c a t i o n f o r t h e p h y s i c a l i n t e r p r e t a t i o n 
g i v e n them a b o v e w i l l b e d i s c u s s e d i n C h a p t e r X. 
S i n g l e S c a t t e r i n g 
R e t a i n i n g o n l y t h e A^ t e r m i n t h e DDCS, E q . ( 4 . 1 1 ) , r e s u l t s i n 
t h e f i r s t Born o r s i n g l e s c a t t e r i n g c r o s s s e c t i o n , 
l i m 
e->0 
% 1 k f 
dftdE ( 2 i r f i ) 3 h2 k i 
X P 
12 d t 
/_ J_ —OO —OO 
x <B( t ) B ( t ) > e £ ( t l + t 2 ) | k . > | k > 
J . z I 0 r -2 1 
( 4 . 1 2 ) 
E q u a t i o n ( 4 . 1 2 ) c a n b e t r a n s c r i b e d i n t o Van H o v e ' s form f o r t h e f i r s t 
B o r n s c a t t e r i n g c r o s s s e c t i o n c o n t a i n i n g t h e d y n a m i c s t r u c t u r e f a c -
3 
t o r . For an i n t e r a c t i o n d e p e n d i n g on d i s t a n c e o n l y , 
34 
i t - r X T ( t ) - i t - r \ ( t ) 
( t ) = £ * [ ? ( t ) ] =5 8 ^ ) e 1 N E e 1 j (4 .13) 
k l 
where r ( t ) = r ^ ( t ) ~ r ^ ( t ) » ^ ' t - ' being the neutron pos i t i on vector , 
r_. ( t ) being the p o s i t i o n vector of the j*"* 1 target atom and g(k^) i s the 
Fourier transform of cf>(r), i . e . , 
- i l L • r 
g O ^ ) = J d 3 r e 1 < K ? ) (4.14) 
Therefore, the i n t e r a c t i o n , <J>, may be wri t ten as 
< K t ) =5 g ( k 1 ) A ( k 1 , t ) B ( k 1 , t ) (4.15) 
k l 
where 
ik - r ( t ) 
A ( k x , t ) = e (4.16) 
- i k -rAt) 
B(k t ) = __] e J E
 n + ( t ) (4 .17) 
j k l 
and n^ > ( t ) i s the Fourier transform of the densi ty operator. The i n t e r -
k l 
ac t ion i s now in the desired form given by Eq. ( 4 . 2 ) . Therefore, 
performing the pos i t i on ordering, the s i n g l e scat ter ing DDCS, Eq. ( 4 . 1 2 ) , 
becomes 
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A 2 ( D i •
 ml i k ^ d o _ l i m N 1 f 
dftdE,, ~ e->0 , » 3 . 2 k . 
f (2irfi) fl i 
d v ^ . . . ik-, * r X T ( t , ) 
* d l 
-> -> - 0 0 
k l , k 2 
E f t J f t j ^ x w?~ I l k l ' r N ( t l ) , ^ . J d t x J d t 2 g ( k 1 ) g ( k 2 ) < k i | e | k f > 
i k • ? ( t ) e ( t + t ) 
x < k f | e W | k ± > < n { ( V n k ( t 2 } > e ( 4 * 1 8 ) 
The n e u t r o n m a t r i x e l e m e n t s a p p e a r i n g i n Eq. ( 4 . 1 8 ) a r e 
< k . | e | k f > = e ( 4 . 1 9 ) 
i k r ( t ) - i o ) t ? 
< k f |e | k . ) = e ( 4 . 2 0 ) 
->• -> -> 
w h e r e flu) = E . - E_ i s t h e n e u t r o n e n e r g y l o s s and fJk = f i ( k . - k_) i s i f i f 
t h e n e u t r o n momentum t r a n s f e r . T h e r e f o r e , Eq . ( 4 . 1 8 ) b e c o m e s 
d 2 a ( 1 ) l i m "N 1 k f I , A , 2 
" T I T | g ( k ) r dftdE. e->0
 M 3 ^2 k . f (2-rrfj) fj I 
A
 T i ( a ) - i e ) t 1 - i ( u ) + i e ) t ? 
x o i r d t i ; d t 2 e e ^ V 1 1 - ^ ) ( 4 - 2 i ) 
— 00 —oo 
The t a r g e t a v e r a g e , ( n ^ ( t ] ^ ) n _ ^ ( t 2 ^ )» c a n ^ e e x P r e s s e d i n t e r m s o f t h e 
d y n a m i c s t r u c t u r e f a c t o r , S ( k , w ) , i n t h e form 
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i u > ' ( t - t ) 
( n ^ ( t l ) n _ ^ ( t 2 ) > = j du>' e 1 S (k ,u> ' ) ( 4 . 2 2 ) 
o r 
S ( k , u O = ^ J dx e " i a ) T ( n ^ ( 0 ) n _ ^ ( x ) > ( 4 . 2 3 ) 
w h e r e x = - t ^ , and t h e f a c t t h a t ( n ^ ( t 2 ^ n _ J ^ t 2 ^ i s i n v a r i a n t 
u n d e r a t i m e t r a n s l a t i o n h a s b e e n u s e d . I n s e r t i n g Eq . ( 4 . 2 2 ) i n t o 
( 4 . 2 1 ) , t h e t i m e i n t e g r a t i o n s a r e 
e - 0 ^ I 1 J d t 2 e 
l i m d _ 
e->0 d t 
2 e t "I 
2 2 ( w - a O + e 
l i m 
£->0 
2 e e 
2 e t 
2 2 
( O J - O O + e 
^ l i m 
e-X) 
2e 
/ , N 2 , 2 
( 0 ) - 0 ) ) + £ 
= 2TT6 ( W - O ) ' ) ( 4 . 2 4 ) 
w h e r e c o n d i t i o n ( 3 . 2 4 ) h a s b e e n u t i l i z e d , and 
v 1 l i m e S ( x ) = -
TT £-K) 2 , 2 ( 4 . 2 5 ) 
i s t h e f a m i l i a r D i r a c d e l t a f u n c t i o n . From E q s . ( 4 . 2 2 ) and ( 4 . 2 4 ) , t h e 
f i r s t Born DDCS, Eq . ( 4 . 2 1 ) , c a n b e w r i t t e n 
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d 2 a ( 1 ) 4 k f , ^ , 2 „ , + 
G ( K ) R S ( K , a ) ) ( 4 . 2 6 ) 
3 
w h i c h i s i n t h e w e l l - k n o w n form f i r s t g i v e n by Van H o v e . 
For m a g n e t i c s c a t t e r i n g , t h e i n t e r a c t i o n , <j>, d e p e n d s n o t o n l y 
t h 
o n t h e r e l a t i v e n e u t r o n - j t a r g e t e l e c t r o n s e p a r a t i o n , r = r N - r , 
-> t h 
b u t a l s o on t h e n e u t r o n s m a g n e t i c moment , y , and t h e j t a r g e t 
-> 
e l e c t r o n s m a g n e t i c moment , y . T h e r e f o r e , t h e i n t e r a c t i o n c a n b e 
w r i t t e n 
( t ) = £ * [ r ( t ) , y N , y ( t ) ] 
j 
^ i k - r ( t ) - i k - r . ( t ) 
= 2 - 2 - , * [ k , y , y . ( t ) ] e 1 W e 1 J ( 4 . 2 7 ) 
j k l J 
w h e r e 
" k ~* 
( t ) [ k 1 , y N , y j ( t ) ] = j d 3 r e 1 <|> [ ? , y N > y ( t ) ] ( 4 . 2 8 ) 
B e c a u s e o f t h e s i m p l e form o f t h e m a g n e t i c d i p o l e i n t e r a c t i o n , <J>, ( s e e 
C h a p t e r V I I ) , i t s F o u r i e r t r a n s f o r m , <J>, c a n b e w r i t t e n 
[ K 1 , y N , y J ( T ) ] = "a (y N ) ( T ) ] = A V ( 4 . 2 9 ) 
w h e r e a = x , y , z r e f e r t o r e c t a n g u l a r c o o r d i n a t e s , and t h e E i n s t e i n c o n -
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v e n t i o n o f summing o v e r r e p e a t e d i n d i c e s i s a d o p t e d . T h e r e f o r e , t h e 
m a g n e t i c d i p o l e i n t e r a c t i o n may b e w r i t t e n a s 
k i 
w h e r e , f rom E q s . ( 4 . 2 7 ) and ( 4 . 2 9 ) 
( t ) = E A a ( k 1 , t ) B a ( k 1 , t ) ( 4 . 3 0 ) 
i k ' ^ ( t ) 
A a ( k r t ) = e 1 a a ( y N ) ( 4 . 3 1 ) 
and 
- i k * r . ( t ) 
B a ( ! , t ) = Z e 1 3 b a [ k 1 , y . ( t ) ] ( 4 . 3 2 ) 
1
 j 1 3 
The A o p e r a t o r c o n t a i n s o n l y n e u t r o n o p e r a t o r s and t h e B o p e r a t o r 
c o n t a i n s o n l y t a r g e t o p e r a t o r s ; t h u s , t h e i n t e r a c t i o n , <f>, i s i n t h e 
d e s i r e d f o r m , Eq. ( 4 . 2 ) . 
The i n i t i a l and f i n a l n e u t r o n s t a t e s , a s t h e y a p p e a r i n t h e 
c r o s s s e c t i o n , Eq. ( 4 . 1 ) , m u s t now b e w r i t t e n a s 
I I ) F > K > F > . 
i . e . , a s a d i r e c t p r o d u c t o f n e u t r o n s p a t i a l and s p i n s t a t e s . T h u s , 
m a k i n g t h i s i d e n t i f i c a t i o n i n Eq. ( 4 . 1 2 ) , u s i n g E q s . ( 4 . 3 1 ) and ( 4 . 3 2 ) 
i n Eq. ( 4 . 1 2 ) and f o l l o w i n g t h e same a n a l y s i s a s p r e s e n t e d t h r o u g h Eq . 
( 4 . 2 6 ) , t h e f i r s t B o r n DDCS f o r m a g n e t i c s c a t t e r i n g i s g i v e n by 
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2 
CT 3 
w h e r e s t a n d s f o r t h e n e u t r o n s p i n m a t r i x e l e m e n t s 
M N B = <°iI a " ( ? N ) I a f > < a f | a B ( f y | a . > ( 4 . 3 4 ) 
and t h e d y n a m i c s t r u c t u r e f a c t o r i s now 
S a B ( k , u O = ^ j dx E " i a ) T < B a ( k , 0 ) B B ( - k , T ) > ( 4 . 3 5 ) 
The t a r g e t a v e r a g e i s now o v e r b o t h t a r g e t s p a t i a l and s p i n s t a t e s . 
D o u b l e S c a t t e r i n g 
R e t a i n i n g o n l y t h e m i d d l e t e r m i n A^, Eq. ( 4 . 1 0 ) , i n t h e DDCS, 
Eq. ( 4 . 1 1 ) , r e s u l t s i n t h e d o u b l e s c a t t e r i n g DDCS 
D V 2 ) l i m 4 1 k f 
dttdE^ e-K) . . 3 A k . 
f (2ith) fl i 
X P 1 2 i 7 < V L < \ L J" d t l J" 1 D T 2 J" D T 3 J " 3 D T 
2 — oo —oo —oo —oo 
x A 1 ( t 2 ) A 1 ( t 1 ) A 2 ( t 3 ) A 2 ( t 4 ) | k ± > | k f > 
2 i 
e ( t + t + t + t 4 ) 
x < B ( t 2 ) B ( t 1 ) B ( t 3 ) B ( t 4 ) > e " ( 4 . 3 6 ) 
D 2 a ( 1 ) _ ^ KF
 M a 3 c a 3 , T * N 
D ^ D I R - T X S K T ^ 8 ( K J A ) ) ( 4 - 3 3 ) 
F 4n fi 1 
4 0 
w h i c h c o n t a i n s t h e a v e r a g e o v e r i n i t i a l t a r g e t s t a t e s o f f o u r B o p e r a t o r s . 
I f d o u b l e s c a t t e r i n g i s t o b e a s m a l l e f f e c t , t h e n t o a g o o d a p p r o x i ­
m a t i o n , t h e f o u r B o p e r a t o r c o r r e l a t i o n f u n c t i o n a p p e a r i n g i n Eq. ( 4 . 3 6 ) 
c a n b e d e c o m p o s e d i n t o p r o d u c t s o f p a i r c o r r e l a t i o n f u n c t i o n s . To g i v e 
a p l a u s i b i l i t y a r g u m e n t i n s u p p o r t o f t h i s s u p p o s i t i o n , c o n s i d e r a n 
i n t e r a c t i o n , <j>, t h a t d e p e n d s o n d i s t a n c e o n l y ; t h u s B ( t ) i s g i v e n by 
Eq. ( 4 . 1 7 ) . Each o p e r a t o r B i s e v a l u a t e d a t a s p a c e - t i m e p o i n t o f t h e 
t a r g e t . Now, i f d o u b l e s c a t t e r i n g i s t o b e a s m a l l e f f e c t , t h e n o n e 
w o u l d e x p e c t t h e two s c a t t e r i n g e v e n t s t o b e w e l l s e p a r a t e d i n s p a c e 
w i t h i n t h e t a r g e t , i . e . , t h e two e v e n t s a r e u n c o r r e l a t e d f o r m o s t t a r ­
g e t s . I n t h i s r e g a r d , t h e d o u b l e s c a t t e r i n g c a n b e c o n s i d e r e d a s a 
c o n v o l u t i o n o f two s i n g l e s c a t t e r i n g s . For t h i s t y p e o f d o u b l e s c a t ­
t e r i n g , two o f t h e B o p e r a t o r s i n (BBBB) a r e r e q u i r e d t o b e e v a l u a t e d 
a t s p a c e - t i m e p o i n t s t h a t a r e w e l l s e p a r a t e d f rom t h e s p a c e - t i m e p o i n t s 
a t w h i c h t h e o t h e r two B o p e r a t o r s a r e e v a l u a t e d . T h e r e f o r e , u n l e s s 
a p a r t i c u l a r t a r g e t h a s a v e r y l o n g c o r r e l a t i o n r a n g e and r e l a x a t i o n 
t i m e , t h e f o u r B o p e r a t o r c o r r e l a t i o n f u n c t i o n c a n b e d e c o m p o s e d i n t o 
p r o d u c t s o f p a i r c o r r e l a t i o n s , 
< B ( t 2 ) B ( t 1 ) B ( t 3 ) B ( t 4 ) > = < B ( t 2 ) B ( t 1 ) > < B ( t 3 ) B ( t 4 ) > 
+ < B ( t 2 ) B ( t 3 ) > < B ( t 1 ) B ( t 4 ) > 
+ < B ( t 2 ) B ( t 4 ) > < B ( t 1 ) B ( t 3 ) > ( 4 . 3 7 ) 
4 1 
For t a r g e t s y s t e m s n e a r t h e i r c r i t i c a l p o i n t s , c o r r e l a t i o n 
r a n g e s and r e l a x a t i o n t i m e s c a n b e c o m e v e r y l o n g . T h e r e f o r e , f rom t h e 
a b o v e d i s c u s s i o n , o n e m i g h t i n f e r t h a t t h e d e c o m p o s i t i o n g i v e n by Eq. 
( 4 . 3 7 ) w o u l d n o t b e a p p l i c a b l e . H o w e v e r , t h i s i s n o t t h e c a s e and w i t h 
a s l i g h t m o d i f i c a t i o n , t h e a b o v e d e c o m p o s i t i o n i s s t i l l a p p l i c a b l e . 
T h i s p o i n t w i l l b e d i s c u s s e d i n C h a p t e r VI w h e r e c r i t i c a l n u c l e a r 
d o u b l e s c a t t e r i n g i s t r e a t e d . 
t h e t h i r d t e r m i s f o u n d t o c o n t r i b u t e s i g n i f i c a n t l y t o d o u b l e s c a t ­
t e r i n g and w i l l b e t h e o n l y t e r m r e t a i n e d . The f i r s t two t e r m s a r e 
t r e a t e d i n C h a p t e r VI w i t h i n t h e c o n t e x t o f c r i t i c a l n u c l e a r s c a t t e r i n g . 
R e t a i n i n g o n l y t h e t h i r d t e r m i n Eq. ( 4 . 3 7 ) , t h e d o u b l e s c a t ­
t e r i n g DDCS, Eq . ( 4 . 3 6 ) , b e c o m e s 
Of t h e t h r e e t e r m s on t h e r i g h t - h a n d - s i d e o f Eq. ( 4 . 3 7 ) , o n l y 
l i m 
e-K) 
2 
dfidE 
( 2 i r f t ) fl 
x P 12 d t | < 1 I / D T , / 1 AT2 / D T 3 / 3 DT4 
J_ _j_ —OO —00 —00 — 00 
x A 1 ( t 2 ) A 1 ( t 1 ) A 2 ( t 3 ) A 2 ( t 4 ) \t± ) \ t f > 
x < B ( t 2 ) B ( t 4 ) > < B ( t 1 ) B ( t 3 ) > e 
£ ( T L + t 2 + t 3 + V ( 4 . 3 8 ) 
C o n s i d e r i n g an i n t e r a c t i o n t h a t d e p e n d s on d i s t a n c e o n l y , <f> i s g i v e n 
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b y Eq. ( 4 . 1 5 ) and t h e A and B o p e r a t o r s a r e g i v e n by E q s . ( 4 . 1 6 ) and 
( 4 . 1 7 ) . T h u s , a f t e r p e r f o r m i n g t h e p o s i t i o n o r d e r i n g , t h e d o u b l e 
s c a t t e r i n g DDCS, Eq. ( 4 . 3 8 ) , b e c o m e s 
2 
J 2 ( 2 ) - . m
 n k_ d a
 =
 l i m N 1 f 
df idE £ e->0 , 0 s 3 . 4 k . 
f (2lTfj) 1 
—CO —CO —OO —OO 
k^, » 3 ' 4 
-> -> , i k 2 * ? N ( t 2 ) ^ I ' V V I - * 
x g ( k 1 ) g ( k 2 ) g ( k 3 ) g ( k 4 ) < k i | e e 1 | k f > 
i k • ? ( t _ ) i k • ? ( t . ) _^  
2 4 
e ( t + t + t + t ) 
< r ^ i ( t 1 ) n ^ ( t 3 ) > e 1 ( 4 . 3 9 ) 
The n e u t r o n m a t r i x e l e m e n t s a p p e a r i n g i n Eq . ( 4 . 3 9 ) a r e e x p r e s s e d i n 
t e r m s o f t h e i n t e r m e d i a t e n e u t r o n s t a t e s w i t h e n e r g i e s E and E, and 
a b 
w a v e v e c t o r s lc^ and k^ i n t h e f o l l o w i n g form 
• t (>. \ -t ^ x i ( E . - E ) t 0 / f J i ( E - E r ) t . / f t 
/ t ,
 l k 2 ' R N ( t 2 ) l k l " r N ( t l V
 N V e 1 a 2 e a f 1 < k ± | e e | k f ) = ^ r 
k 
a 
x 5 i t i t + i t 6 T t i t + t ( 4 - 4 0 ) 
k . , k 2 + k a k a , k 1 + k f 
4 3 
( k f | e e | k _ . ) = ^ e e 
x 6"** -> <$-> -> -> ( 4 . 4 1 ) 
k f , k 3 + 1 ^ k ^ k ^ + k ± 
F o l l o w i n g Van H o v e , a d y n a m i c s t r u c t u r e f a c t o r , S ( k ^ j k ^ j O ) " ) , 
i s defined"*"^ 
i a ) ' ( t - t ) 
<n+ ( t 2 ) i t £ ( t 4 ) > = J D ^ e 4 S ( 4 2 , S 4 , u ) 0 ( 4 . 4 2 ) 
2 4 
o r 
S ( k 2 , k 4 , 0 ) O = ~ j dx e i a ) ' T < r £ ( 0 ) n £ ( T ) > ( 4 . 4 3 ) 
2 \^ 
w h e r e T = t 4 - t ^ From E q s . ( 4 . 4 0 ) , ( 4 . 4 1 ) and ( 4 . 4 2 ) , t h e d o u b l e 
s c a t t e r i n g DDCS, Eq . ( 4 . 3 9 ) , b e c o m e s 
2 
D V 2 ) l i m m N 1 _ \ 
d « d E f " e + 0 3 h k K± 
* ^  Y\ I d " ' J" d " ~ / d t l Z1 d t 2 / d t 3 / 3 d t < 
—OO —oo —oo —oo 
X G(KA - KF)G(K. - KA)G(KF - SB)G(KB - i±) 
i ( E - E - tku")tjh i ( E . - E - ft0t0/fi a t 1 1 a I 
x e e 
i ( E £ - E + t h ) " ) t j h i ( E , - E . + ftOt./ft 
r b j b 1 4 
x e e 
e ( t + t + t + t ) ^ ^ ^ 
x e x J S ( k . - k , k, - k . , c O 
l a b l 
x S ( k - k_ , k_ - £ , u > " ) 
a r t b 
The t i m e i n t e g r a t i o n s i n Eq. ( 4 . 4 4 ) y i e l d 
, t t . t t 0 i ( E - E . - ?kii")t-/h 
D T J - D T L J D T 2 / D T 3 D T 4 E F 
— OO —CO —OO —OO 
i ( E . - E - fta')tjti i ( E . - E, + tto")tjh 
l a Z l b j 
x e e 
i ( E , - E . + tw')t./Ti e ( t n + t „ + t Q + t . ) b l 4 1 2 3 4 
x e e 
= 2-n-fi2 [~(E - E . + f t ) ' + i f t e ) ( E , - E . + f w ' - i f t e ) 
a l b l 
x 6 ( W - W ' - W " ) 
w h e r e c o n d i t i o n ( 3 . 2 4 ) h a s b e e n u t i l i z e d and 6 ( W - W ' - W 
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r e p l a c e d 
1 e 
(GO - u) - oo ) + £ 
i n a n t i c i p a t i o n o f t h e l i m i t E - K ) . I n s e r t i n g Eq. ( 4 . 4 5 ) i n t o Eq . ( 4 . 4 4 ) 
and l e t t i n g t h e sums o v e r and k ^ g o o v e r t o i n t e g r a l s , 
k (2w) 3 J a 
a 
i . e . , l e t t i n g t h e q u a n t i z a t i o n v o l u m e g o t o i n f i n i t y , t h e d o u b l e s c a t ­
t e r i n g DDCS b e c o m e s 
4 
d V 2 ) l i m 4 m N 1 k f
 P , 3 . p i P , . 
d f i d E T = £ - 0 T T T S 7 i k T J d k a J d \ J d a ) 
f (2TTH) I 
x g ( k a - k f ) g ( k . - k a ) g ( k f - k b ) g ( k b - k . ) 
x S ( k i - k a , 1 ^ - k i , a ) ) s ( k a - k f , k f - k ^ , w - o j ) 
x ( k a - k + — ^ — + i e ) ( k ^ - k± + — ^ — - i e ) ( 4 . 4 6 ) 
For m a g n e t i c s c a t t e r i n g , t h e i n t e r a c t i o n (f> i s g i v e n b y Eq. ( 4 . 3 0 ) 
and t h e A and B o p e r a t o r s a r e g i v e n b y E q s . ( 4 . 3 1 ) and ( 4 . 3 2 ) . T h u s , 
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t h e c o r r e s p o n d i n g d o u b l e s c a t t e r i n g DDCS f o r m a g n e t i c s c a t t e r i n g i s 
g i v e n by 
d 2 a ( 2 ) l i m 4 m N 1 k f
 p .X P A \ ? A . 
d ^ F T = T 7 T 7 8 S d K S d K J d« 
'f " W ( 2 ^ ) 1 
x S ( k ± - k a , 1 ^ - k ^ w ^ S T ( k a - k f , k f - k ^ u ) - co ) 
, v 2 , 2 A V A . r l . 2 , 2 , . , - 1 
x (k - k . + — - — + i e ) (k, - k . + — --ie) ( 4 . 4 7 ) 
a I fi D I fi 
w a3y<5 _ . . 
w h e r e s t a n d s f o r t h e n e u t r o n s p i n m a t r i x e l e m e n t s 
and t h e d y n a m i c s t r u c t u r e f a c t o r , Sa^(k^>k^,uO, i s now g i v e n by 
s" 6^,^,*') = ^ J dx E - l w ' T < B A D 2 > 0 ) B 6 ( £ 4 , T ) ) ( 4 . 4 9 ) 
The d o u b l e s c a t t e r i n g DDCS a s g i v e n by Eq. ( 4 . 4 6 ) o r Eq. ( 4 . 4 7 ) 
i s e x p r e s s e d i n t e r m s o f p r o d u c t s o f two d y n a m i c s t r u c t u r e f a c t o r s and 
t h u s c a n b e c o n s i d e r e d a s a c o n v o l u t i o n o f two s i n g l e s c a t t e r i n g s . The 
r e m a i n d e r o f t h i s t r e a t m e n t w i l l d e a l e x c l u s i v e l y w i t h t h e c r i t i c a l 
( n u c l e a r and m a g n e t i c ) s c a t t e r i n g o f t h e r m a l - n e u t r o n s f rom t a r g e t s a t 
t e m p e r a t u r e s s l i g h t l y a b o v e t h e i r c r i t i c a l t e m p e r a t u r e . 
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CHAPTER V 
CRITICAL NUCLEAR SINGLE SCATTERING FROM LIQUIDS 
AND THE ORNSTEIN-ZERNIKE CORRELATION FUNCTION 
I n t h i s c h a p t e r , t h e s i n g l e s c a t t e r i n g c r o s s s e c t i o n f o r c r i t i c a l 
n u c l e a r s c a t t e r i n g o f t h e r m a l - n e u t r o n s from a l i q u i d i s o b t a i n e d . The 
c l a s s i c a l O r n s t e i n - Z e r n i k e c o r r e l a t i o n f u n c t i o n , w h i c h i s u s e d i n 
o b t a i n i n g t h e s i n g l e s c a t t e r i n g c r o s s s e c t i o n , i s a l s o o b t a i n e d u s i n g 
5 4 t h e m e t h o d s o f K l e i n and T i s z a and O r n s t e i n and Z e r n i k e . 
C r i t i c a l N u c l e a r S i n g l e S c a t t e r i n g 
I n c o n s i d e r i n g t h e n u c l e a r s c a t t e r i n g o f t h e r m a l - n e u t r o n s , t h e 
a c t u a l i n t e r a c t i o n b e t w e e n t h e n e u t r o n and t h e n u c l e i o f t h e t a r g e t i s 
w e l l a p p r o x i m a t e d by i t s S - w a v e a p p r o x i m a t i o n , i . e . , t h e F e r m i - p s e u d o 
p o t e n t i a l , 
* • L + ( r ) E « ( r N - t ) ( 5 . D 
j j 3 
w h e r e a i s t h e n u c l e a r S - w a v e s c a t t e r i n g l e n g t h and i s a s s u m e d t o b e 
-> -> -> 
i d e n t i c a l f o r a l l n u c l e i and s p i n i n d e p e n d e n t , and r = r^ - r , w h e r e 
-> -> 
r > T i s t h e p o s i t i o n v e c t o r o f t h e n e u t r o n and r . i s t h e p o s i t i o n v e c t o r 
N J 
o f t h e j 1 " * 1 t a r g e t n u c l e u s . The F o u r i e r t r a n s f o r m o f <f>(r), Eq. ( 4 . 1 4 ) , 
i s t h u s g i v e n by 
4 8 
g = ( 5 . 2 ) 
and t h e s i n g l e s c a t t e r i n g DDCS b e c o m e s , from Eq. ( 4 . 2 6 ) , 
d a N ' a f tf . 
d 5 d E ^ ~ " 7 T k ^ s ( k ' & , ) 
( 5 . 3 ) 
w h e r e t h e d y n a m i c s t r u c t u r e f a c t o r , S ( k , a j ) , i s g i v e n by Eq. ( 4 . 2 3 ) . 
The s i n g l e s c a t t e r i n g DDCS, Eq. ( 5 . 3 ) , c a n b e g r e a t l y s i m p l i f i e d 
f o r c r i t i c a l s c a t t e r i n g , i . e . , f o r n e u t r o n s s c a t t e r i n g from a l i q u i d 
n e a r i t s c r i t i c a l p o i n t . As w i l l b e shown l a t e r , d e n s i t y f l u c t u a t i o n s 
b e c o m e v e r y l a r g e i n a l i q u i d n e a r i t s c r i t i c a l p o i n t , and i t i s t h e s e 
d e n s i t y f l u c t u a t i o n s t h a t s c a t t e r n e u t r o n s . A l s o , t h e s e d e n s i t y f l u c ­
t u a t i o n s h a v e a v e r y l o n g r e l a x a t i o n t i m e compared t o t h e t i m e i t t a k e s 
a n e u t r o n t o t r a v e r s e an e f f e c t i v e s c a t t e r i n g v o l u m e . T h e r e f o r e , a 
n e u t r o n w i l l " s e e " a s t a t i c p i c t u r e o f t h e l i q u i d and t o a g o o d a p p r o x i ­
m a t i o n 
n + ( x ) = n + i tKO) ( 5 . 4 ) 
T h e r e f o r e , t h e d y n a m i c s t r u c t u r e f a c t o r , Eq. ( 4 . 2 3 ) , b e c o m e s 
S O U ) ^ J d i e ' - i O J T < n k ( 0 ) n - k ( 0 ) > = < n £ n _ £ > 6 ( w ) ( 5 . 5 ) 
W r i t i n g k i n t e r m s o f u = T ( E . - E ) , 
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fl 
( 5 . 6 ) 
t h e s i n g l e s c a t t e r i n g DDCS, Eq. ( 5 . 3 ) , b e c o m e s 
2 
<n£n_£>6(a>) ( 5 . 7 ) dftdE, fi 
w h e r e t h e m a t h e m a t i c a l i d e n t i t y , 
f ( x ) 6 ( x ) = f ( 0 ) 6 ( x ) ( 5 . 8 ) 
h a s b e e n u s e d . The a p p r o x i m a t i o n g i v e n by E q . ( 5 . 4 ) i s c a l l e d t h e 
q u a s i e l a s t i c a p p r o x i m a t i o n (QA) s i n c e i t r e q u i r e s = k^, i . e . , t h e 
n e u t r o n ' s i n i t i a l e n e r g y t o e q u a l i t s f i n a l e n e r g y , y e t s t i l l a l l o w s 
t h e t a r g e t t o make t r a n s i t i o n s t o d i f f e r e n t e n e r g y e i g e n s t a t e s a s 
i m p l i e d i n (n^n £ ) . P h y s i c a l l y , t h e QA i s v a l i d f o r t h o s e s c a t t e r i n g 
s y s t e m s w h e r e t h e e n e r g y l o s s , ftoo, by t h e p r o b e i s s m a l l compared t o 
t h e p r o b e ' s i n i t i a l e n e r g y ; t h u s , t o a g o o d a p p r o x i m a t i o n , t h i s l o s s 
c a n b e n e g l e c t e d f o r p r o b e c o n s i d e r a t i o n s , i . e . , k^ = k^. H o w e v e r , 
t h i s e n e r g y , flu), when t r a n s f e r r e d t o t h e t a r g e t may b e l a r g e compared 
t o t h e s e p a r a t i o n b e t w e e n t a r g e t e n e r g y l e v e l s a n d , t h u s , c a n n o t b e 
t o t a l l y n e g l e c t e d f o r t a r g e t c o n s i d e r a t i o n s . I t i s a c c o u n t e d f o r by 
a l l o w i n g t h e t a r g e t t o make t r a n s i t i o n s t o d i f f e r e n t e n e r g y e i g e n s t a t e s . 
I n t e g r a t i n g Eq. ( 5 . 7 ) o v e r f i n a l n e u t r o n e n e r g i e s , t h e s i n g l e 
s c a t t e r i n g DCS i s o b t a i n e d , 
50 
d a ( 1 ) 2 
a
 H^-V (5*9) 
From Eq. ( 4 . 1 7 ) , t h e t a r g e t a v e r a g e i n Eq. ( 5 . 9 ) c a n b e w r i t t e n a s 
->-->- ->-->-
- i k * r . i k * r 
<n£n +> = < E e ] E e > 
o o - i k - ( r - r ) 
= J d J r x J d J r 2 e 1 ( N O ^ N ^ ) > ( 5 . 1 0 ) 
w h e r e 
n ( ? ) = L 6 ( ? - ? . ) ( 5 . 1 1 ) 
i s t h e p a r t i c l e number d e n s i t y o p e r a t o r . 
^ "
 ? 2 
I n t h e a s y m p t o t i c l i m i t r - r 0 -> °°, t h e d e n s i t y o p e r a t o r s 
n ( r ^ ) and n ( r ^ ) b e c o m e u n c o r r e l a t e d , i . e . , ( n ( r ^ ) n ( r ^ ) ) •+ < n ( r ^ ) ) < n ( r ^ ) ) 
and t h e s c a t t e r i n g b e c o m e s p u r e l y e l a s t i c . T h e r e f o r e , w r i t i n g 
< n ( r 1 ) n ( r 2 ) > = { ( N C R ^ N C R P > - ( n ^ ) > < n ( r 2 ) >} + ( n ^ ) > < n ( r 2 ) > ( 5 . 1 2 ) 
t h e s i n g l e s c a t t e r i n g DCS, Eq. ( 5 . 9 ) , c a n b e s e p a r a t e d i n t o a p u r e l y 
e l a s t i c p a r t and a n i n e l a s t i c p a r t , 
D O ( D / D 0 \ ( D / , - \ U ) 
dfi 
' e 7 i 
5 1 
w h e r e 
«
2
 J d \ s d \ e _ l k ' ( r i " 1 2 W x^V > ( 5- 1 4 ) 
( d o j = * J d r l J d r 2 e r ( r r r 2 ) ( 5 . 1 5 ) 
and 
r ( r 1 > r 2 ) = < n ( r 1 ) n ( r 2 ) > - ^ ( r ^ > < n ( r 2 ) > ( 5 . 1 6 ) 
i s t h e f a m i l i a r d e n s i t y - d e n s i t y c o r r e l a t i o n f u n c t i o n . The e l a s t i c DCS 
i s n o n - n e g l i g i b l e o n l y i n t h e f o r w a r d (k = 0 ) s c a t t e r i n g d i r e c t i o n f o r 
m a c r o s c o p i c t a r g e t s . F o r a t a r g e t o f c o n s t a n t mean number d e n s i t y , p , 
a t e v e r y p o i n t r , 
< n ( r ) ) = p ( r i n s i d e t h e t a r g e t ) ( 5 . 1 7 ) 
and 
( 2? ( 2 T T ) 3 a 2 N P 6 ( k ) ( 5 . 1 8 ) 
The e l a s t i c DCS w i l l now b e d r o p p e d from f u r t h e r c o n s i d e r a t i o n s . 
As c a n b e s e e n from Eq. ( 5 . 1 5 ) , i n g e n e r a l , t h e s i n g l e s c a t -
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t e r i n g i n e l a s t i c DCS, a s g i v e n i n t h e QA, d e p e n d s on how t h e c o r r e l a t i o n 
o f t a r g e t p a r t i c l e d e n s i t i e s a t two p o i n t s i n t h e l i q u i d f l u c t u a t e s 
from i t s mean v a l u e . T h e r e f o r e , by m e a s u r i n g t h e s i n g l e s c a t t e r i n g 
i n e l a s t i c DCS, t h e s t a t i c s t r u c t u r e o f t h e l i q u i d c a n b e d e t e r m i n e d . 
F o r l i q u i d s y s t e m s w h e r e t h e r e l a x a t i o n t i m e s o f t h e s e d e n s i t y f l u c t u ­
a t i o n s a r e c o m p a r a b l e t o o r g r e a t e r t h a n t h e t i m e i t t a k e s a p r o b e t o 
t r a v e r s e an e f f e c t i v e s c a t t e r i n g v o l u m e , i . e . , w h e r e t h e QA c a n n o t b e 
3 
m a d e , t h e n , a s shown b y Van H o v e , m e a s u r e m e n t o f t h e s i n g l e s c a t t e r i n g 
DDCS w i l l d e t e r m i n e t h e d y n a m i c s t r u c t u r e o f t h e l i q u i d . The s i n g l e 
s c a t t e r i n g i n e l a s t i c DCS, Eq. ( 5 . 1 5 ) , w i l l now b e d e t e r m i n e d f o r t h e 
c a s e w h e r e t h e l i q u i d t a r g e t i s n e a r i t s c r i t i c a l p o i n t . 
The c r i t i c a l p o i n t o f a l i q u i d i s d e f i n e d by a p o i n t on a t h r e e 
d i m e n s i o n a l p r e s s u r e - d e n s i t y - t e m p e r a t u r e ( P - p - T ) s u r f a c e w i t h c o o r d i ­
n a t e s P^, p c and T^ w h i c h a r e , r e s p e c t i v e l y , t h e c r i t i c a l p r e s s u r e , t h e 
c r i t i c a l d e n s i t y and t h e c r i t i c a l t e m p e r a t u r e . The P - p - T s u r f a c e i s 
d e t e r m i n e d by t h e e q u a t i o n o f s t a t e , f ( P , p , T ) = 0 . I f a g a s i s i s o -
t h e r m a l l y c o m p r e s s e d a t a t e m p e r a t u r e T > T , i t w i l l n o t u n d e r g o a 
p h a s e t r a n s i t i o n , i . e . , i t w i l l r e m a i n a g a s . I f c o m p r e s s e d a t a 
t e m p e r a t u r e T < T , t h e g a s w i l l u n d e r g o a " f i r s t o r d e r " p h a s e t r a n s i ­
t i o n , i . e . , i t w i l l e n t e r a t w o - p h a s e r e g i o n o n t h e P - p - T s u r f a c e i n 
w h i c h i t c a n c o e x i s t i n e q u i l i b r i u m i n b o t h i t s g a s e o u s and l i q u i d 
p h a s e . H o w e v e r , a s t h e g a s i s c o m p r e s s e d a t T = T , i t w i l l u n d e r g o a 
" s e c o n d o r d e r " p h a s e t r a n s i t i o n a t t h e c r i t i c a l p o i n t i n w h i c h i t 
c o n t i n u o u s l y g o e s from a g a s t o a l i q u i d a t t h a t p o i n t , i . e . , t h e r e i s 
no t w o - p h a s e r e g i o n . 
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C o n s i d e r a s y s t e m h e l d f i x e d a t i t s mean c r i t i c a l density,"'""'" 
p = p ^ , ( t h e s y s t e m i s s a i d t o b e on t h e c r i t i c a l i s o c h o r e ) and b r o u g h t 
t o i t s c r i t i c a l p o i n t by l o w e r i n g i t s t e m p e r a t u r e t o w a r d s T^, i . e . , 
T -> T * . As t h e s y s t e m a p p r o a c h e s T^, t h e f l u c t u a t i o n s i n i t s d e n s i t y 
w i l l b e c o m e v e r y l a r g e s i n c e i t i s a p p r o a c h i n g i t s l i q u i d p h a s e and t h e 
a t o m s o f t h e s y s t e m a r e s p o n t a n e o u s l y f o r m i n g l a r g e c l u s t e r s and b r e a k ­
i n g u p . T h u s , t h e s i n g l e s c a t t e r i n g i n e l a s t i c DCS, Eq. ( 5 . 1 5 ) , w i l l 
b e c o m e v e r y l a r g e . T h i s c a n b e s e e n i n a q u a l i t a t i v e way b y a d o p t i n g 
a s t h e e q u a t i o n o f s t a t e f o r t h e s y s t e m t h e v a n d e r W a a l s e q u a t i o n . 
I t r e a d i l y f o l l o w s from t h i s e q u a t i o n t h a t on t h e c r i t i c a l i s o c h o r e , 
12 
t h e i s o t h e r m a l c o m p r e s s i b i l i t y , K^,, i s g i v e n b y 
1 C 
w h e r e V i s t h e v o l u m e o f t h e t a r g e t and A i s a c o n s t a n t . U s i n g s t a n d a r d 
13 
m e t h o d s f rom s t a t i s t i c a l p h y s i c s , i t c a n a l s o b e shown t h a t 
s a \ s*\ R ( V 2 > ~r V*! ( 5 - 2 0 ) 
w h e r e N i s t h e number o f a t o m s i n t h e s y s t e m and k^ i s B o l t z m a n n ' s 
c o n s t a n t . T h e r e f o r e , f rom E q s . ( 5 . 1 5 ) , ( 5 . 1 9 ) and ( 5 . 2 0 ) i t f o l l o w s 
t h a t 
' d a \ ( 1 ) 
d n / i 
+ »
 A S T + T ( 5 . 2 1 ) 
c 
k = 0 
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i . e . , t h e f o r w a r d s c a t t e r i n g b e c o m e s h u g e n e a r t h e c r i t i c a l p o i n t . 
T h i s phenomena i n l i g h t s c a t t e r i n g i s known a s c r i t i c a l o p a l e s e n c e . 
A s s u m i n g t r a n s l a t i o n a l i n v a r i a n c e f o r t h e l i q u i d t a r g e t , i . e . , 
n e g l e c t i n g b o u n d a r y e f f e c t s , o n e c a n w r i t e 
J d 3 r x J d 3 r 2 r(?x,?2) = V J d 3 r ( 5 . 2 2 ) 
w h e r e r = r 2 - r ^ . The d e n s i t y - d e n s i t y c o r r e l a t i o n f u n c t i o n , T ( r ) , 
c a n , i n g e n e r a l , b e w r i t t e n a s 
T ( ? ) =
 P 5 ( ? ) + p 2 g ( ? ) ( 5 . 2 3 ) 
w h e r e p<5(r) i s t h e s e l f - c o r r e l a t i o n f u n c t i o n , a r i s i n g from t h e c o r r e ­
l a t i o n o f a t a r g e t p a r t i c l e w i t h i t s e l f . The f u n c t i o n g ( r ) i s t h e 
p a i r c o r r e l a t i o n f u n c t i o n and a r i s e s f rom t h e c o r r e l a t i o n b e t w e e n two 
d i f f e r e n t t a r g e t p a r t i c l e s . T h e r e f o r e , f rom E q s . ( 5 . 2 2 ) and ( 5 . 2 3 ) , 
Eq. ( 5 . 2 0 ) b e c o m e s 
1 + p J d 3 r g ( r ) = ( 5 . 2 4 ) 
As T -> T^, t h e i n t e g r a l i n Eq. ( 5 . 2 4 ) m u s t d i v e r g e ; t h e r e f o r e g ( r ) 
- 3 
m u s t b e a l o n g - r a n g e d f u n c t i o n t h a t f a l l s o f f a t l e a s t a s s l o w a s r 
when T = T^. T h a t t h e p a i r c o r r e l a t i o n f u n c t i o n b e a l o n g - r a n g e d 
f u n c t i o n a s T -> T^ i s a n o b v i o u s p h y s i c a l n e c e s s i t y i n o r d e r t o p r o d u c e 
t h e l a r g e d e n s i t y f l u c t u a t i o n s o b s e r v e d n e a r t h e c r i t i c a l p o i n t . 
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The s i n g l e s c a t t e r i n g i n e l a s t i c DCS, Eq . ( 5 . 1 5 ) , b e c o m e s , f rom 
E q s . ( 5 . 2 2 ) and ( 5 . 2 3 ) 
The s e l f - c o r r e l a t i o n t e r m , p S ( r ^ ) , i n Eq. ( 5 . 2 3 ) g i v e s r i s e t o t h e 
2 
i s o t r o p i c s c a t t e r i n g t e r m NO. i n t h e DCS, Eq. ( 5 . 2 5 ) . D r o p p i n g t h i s 
t e r m from f u r t h e r c o n s i d e r a t i o n s , t h e a n g u l a r - d e p e n d e n t s i n g l e s c a t t e r ­
i n g i n e l a s t i c DCS i s g i v e n by 
For s m a l l a n g l e ( s m a l l k ) s c a t t e r i n g , g ( r ) n e e d o n l y b e d e t e r m i n e d i n 
t h e a s y m p t o t i c l i m i t o f l a r g e r , and i n t h i s l i m i t , a c l a s s i c a l d e t e r -
m i n a t i o n i s a d e q u a t e . The d e r i v a t i o n o f g ( r ) f o r a l i q u i d n e a r i t s 
c r i t i c a l p o i n t w a s f i r s t g i v e n c l a s s i c a l l y b y O r n s t e i n and Z e r n i k e and 
l a t e r i m p r o v e d u p o n by K l e i n and T i s z a . A b r i e f r e v i e w o f t h e i r 
m e t h o d s w i l l now b e g i v e n . 
V d i v i d e d up i n t o M i d e n t i c a l c e l l s . Now c o n s i d e r o n e a r b i t r a r y 
e x t e n s i v e v a r i a b l e , y , ( o t h e r t h a n V) o f t h e s y s t e m , h o l d i n g a l l o t h e r 
t h 
v a r i a b l e s f i x e d . The v a l u e o f t h i s v a r i a b l e i n t h e k c e l l i s d e n o t e d 
y , and a s t a t i s t i c a l s t a t e o f t h e s y s t e m i s g i v e n by s p e c i f y i n g t h e 
v a l u e o f y i n a l l c e l l s , i . e . , by t h e s e t o f numbers { y } . K l e i n and 
( 5 . 2 5 ) 
( 5 . 2 6 ) 
The C l a s s i c a l O r n s t e i n - Z e r n i k e C o r r e l a t i o n F u n c t i o n 
F o l l o w i n g K l e i n and T i s z a , c o n s i d e r a s y s t e m w i t h f i x e d v o l u m e 
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T i s z a showed t h a t the. f r e e e n e r g y , F , o f t h e s y s t e m i s a d e q u a t e l y g i v e n 
by t h e q u a d r a t i c form 
M 
F
 = I c ' Z \ i \ z i ( 5 - 2 7 ) 
k , £ = l 
w h e r e C i s a c o n s t a n t . The c o n s t a n t a, „ i s a m e a s u r e o f t h e i n t e r -
k£ 
t h t h 
a c t i o n b e t w e e n t h e k c e l l and t h e Z c e l l and i s s y m m e t r i c , i . e . , 
a ^ = a £ k * T n e v a r i a b l e z ^ i s t h e f l u c t u a t i o n o f y a b o u t i t s mean 
v a l u e , y , 
z k = y k - y ( 5 . 2 8 ) 
The p r o b a b i l i t y , P , o f f i n d i n g t h e s y s t e m i n s t a t e { y } i s g i v e n by 
K . 
P = C e ' ( 5 . 2 9 ) 
w h e r e C i s a c o n s t a n t and 
0 = ( k B T ) - 1 ( 5 * 3 0 ) 
C o n s i d e r i n g a ^ t o b e t h e e l e m e n t s o f a m a t r i x A, t h e n , a s shown i n 
A p p e n d i x I I , t h e c o r r e l a t i o n b e t w e e n z ^ and z^ i s g i v e n by 
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< z k z £ ) = 6 - V 1 ) ( 5 . 3 1 ) 
w h e r e A i s t h e i n v e r s e o f A. T h u s , 
w h e r e A i s t h e c o f a c t o r o f A ( w i t h a p p r o p r i a t e s i g n ) and A = d e t A. 
The c o r r e l a t i o n f u n c t i o n , g,
 0 , i s d e f i n e d a s 
8 k « . = ~2—T~k~ (5-33) 
For a t r a n s l a t i o n a l l y i n v a r i a n t s y s t e m , from Eq. ( 5 . 3 2 ) , 
Akk " Au <5-34> 
T h e r e f o r e , t h e c o r r e l a t i o n f u n c t i o n , Eq. ( 5 . 3 3 ) , b e c o m e s , f rom E q s . 
( 5 . 3 2 ) and ( 5 . 3 4 ) 
'-la-lT (5-35) 
C o n s i d e r i n g o n l y t h e c a s e w h e r e k ^ £ , and d e f i n i n g t h e d i r e c t 
c o r r e l a t i o n f u n c t i o n , c , 
K.A/ 
c, = - — ( 5 . 3 6 ) 
k
" *kk 
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t h e n 
o r 
8 k £ ° k £ + C K A I T ( K # > ( 5 - 3 8 ) 
m^k,£ 
F o r a t r a n s l a t i o n a l l y i n v a r i a n t s y s t e m . 
< V * > " < V * - k > " < v P > ( 5 - 3 9 ) 
t h e r e f o r e , 
g
k "
 c
k
 +
 ^
 c i - 8 » « ( 5 ' 4 0 ) 
m^k 
C h o o s i n g y = N , f rom Eq. ( 5 . 2 8 ) 
z k = V Q ( p k - p ) (5.41) 
w h e r e v i s t h e v o l u m e o f a c e l l , p, i s t h e p a r t i c l e number d e n s i t y i n 
o k 
t h 
t h e k c e l l and p i s t h e mean p a r t i c l e number d e n s i t y . S i n c e t h e 
p r i m a r y i n t e r e s t w i l l b e i n o b t a i n i n g g f o r l a r g e k , t h e v o l u m e o f 
e a c h c e l l c a n b e t a k e n s o s m a l l t h a t e a c h c e l l c o n t a i n s , on t h e a v e r a g e , 
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o n l y o n e p a r t i c l e and Eq. ( 5 . 4 0 ) c a n b e w r i t t e n 
G ( R ) =
 C ( R ) + p J D V C ( R ' - R ) G ( R ' ) ( 5 . 4 2 ) 
w h i c h i s t h e w e l l - k n o w n i n t e g r a l e q u a t i o n o f O r n s t e i n and Z e r n i k e . 
T a k i n g t h e F o u r i e r t r a n s f o r m o f Eq. ( 5 . 4 2 ) y i e l d s 
g ( k ) = c ( k ) + p c ( k ) g ( k ) ( 5 . 4 3 ) 
w h e r e 
G ( K ) = J d r G ( R ) e ~ 1 K " r ( 5 . 4 4 ) 
( k ) = J ' d r c ( r ) e " i k * r ( 5 . 4 5 ) 
14 
and t h e c o n v o l u t i o n t h e o r e m f r o m F o u r i e r a n a l y s i s h a s b e e n u t i l i z e d . 
O r n s t e i n and Z e r n i k e a s s u m e d t h a t c ( r ) , t h e d i r e c t c o r r e l a t i o n f u n c t i o n , 
i s a s h o r t - r a n g e d f u n c t i o n , i m p l y i n g t h a t c ( k ) i s a l o n g - r a n g e d f u n c t i o n , 
T h u s , i f c ( k ) c a n b e e x p a n d e d i n a T a y l o r ' s s e r i e s a b o u t k = 0 , t h e n 
i t w o u l d b e s u f f i c i e n t t o k e e p o n l y t h e l o w e r p o w e r s o f k . They a s s u m e d 
t h a t t h i s T a y l o r ' s s e r i e s e x p a n s i o n e x i s t e d , 
dk 
- c Q - \ c 2 k 2 (5 .46) 
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w h e r e 
- n = I r n c ( r ) 
( 5 . 4 7 ) 
From E q s . ( 5 . 4 3 ) and ( 5 . 4 6 ) 
, - 1 Of [ 1 + p g ( k ) ] A = 1 - p c ( k ) = 1 - , 1 . 2 p c Q + - p c 2 k 
w h e r e 
and 
T h e r e f o r e , 
2 2 2 
r ^ [ k Z + K ^ ] ( 5 . 4 8 ) 
K X = — ( 1 -
 P C ( ) ) 
r l 
( 5 . 4 9 ) 
2 1 
r l = 6 P C 2 ( 5 . 5 0 ) 
G ( K ) - - ± + - L _ 
pr 1 L 
1 ( 5 . 5 1 ) 
and f r o m Eq. ( 5 . 4 4 ) 
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( r ) =
 2 - g - ^ — ( l a r g e r ) ( 5 . 5 2 ) 
47rpr^ 
E q u a t i o n ( 5 . 5 2 ) i s t h e c l a s s i c a l OZ c o r r e l a t i o n f u n c t i o n . K l e i n 
and T i s z a h a v e shown t h a t a s T -> T , K: -> 0 ; t h u s when T = T , g ( r ) ^ r 
c 1 c 
and t h e i n t e g r a l i n Eq. ( 5 . 2 4 ) d i v e r g e s a s r e q u i r e d . E x p e r i m e n t a l l y 
i t h a s b e e n d e t e r m i n e d t h a t K ^ , t h e i n v e r s e c o r r e l a t i o n l e n g t h , i s 
v e r y t e m p e r a t u r e s e n s i t i v e , w h i l e r^ i s a m i c r o s c o p i c , r e l a t i v e l y t e m p e r 
a t u r e i n s e n s i t i v e l e n g t h . 
The s i n g l e s c a t t e r i n g i n e l a s t i c DCS, Eq. ( 5 . 2 6 ) , f o r c r i t i c a l 
n u c l e a r s c a t t e r i n g o f t h e r m a l - n e u t r o n s f rom l i q u i d s now b e c o m e s , u s i n g 
t h e OZ c o r r e l a t i o n f u n c t i o n , Eq. ( 5 . 5 2 ) , 
d a \ ( 1 ) _ No! 
d f t / . 2 
/ i r x 1
 2
 _L. 2 
1 J 
( s m a l l k ) ( 5 . 5 3 ) 
i . e . , a L o r e n t z i a n f u n c t i o n o f t h e w a v e v e c t o r t r a n s f e r , k . S i n c e 
k_^  = k^ i n t h e QA and k = k^ - k^, 
k = 2 k . s i n - r S - ( 5 . 5 4 ) 
l 2 
° - 1 
w h e r e 0 i s t h e s c a t t e r i n g a n g l e . For t h e r m a l - n e u t r o n s , k , ^ 1 A ; 
t h u s , c l o s e t o t h e c r i t i c a l p o i n t ( K ^ s m a l l ) , t h e c r o s s s e c t i o n i s 
v e r y s h a r p l y p e a k e d i n t h e f o r w a r d ( 9 = 0 ° ) d i r e c t i o n . 
s 
The s m a l l k r e s t r i c t i o n o n t h e DCS, Eq . ( 5 . 5 3 ) , w h i c h comes 
f rom t h e l a r g e r r e s t r i c t i o n on t h e OZ c o r r e l a t i o n f u n c t i o n , Eq. ( 5 . 5 2 ) , 
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i s , i n p r a c t i c e , u n i m p o r t a n t f o r t h e r m a l - n e u t r o n s c a t t e r i n g . F o r 
c r i t i c a l m a g n e t i c s c a t t e r i n g , t h e s p i n c o r r e l a t i o n s h a v e t h e same 
OZ form a s g i v e n by Eq. ( 5 . 5 2 ) and t h e s i n g l e s c a t t e r i n g m a g n e t i c DCS 
h a s t h e same form a s Eq. ( 5 . 5 3 ) , ( s e e C h a p t e r V I I ) . I n m e a s u r i n g t h e 
s p i n c o r r e l a t i o n s i n i r o n , S p o o n e r and A v e r b a c h " ^ h a v e shown t h a t t h e 
> ° 
OZ c o r r e l a t i o n f u n c t i o n i s g o o d f o r r % 15 A and t h a t t h e s i n g l e s c a t -
2 < ° - 2 
t e r i n g m a g n e t i c DCS i s g o o d f o r k ^ 0 . 0 2 5 A . T h u s , f rom Eq. ( 5 . 5 4 ) , 
° - l 
f o r k . = 1 A , t h e m a g n e t i c DCS i s v a l i d f o r s c a t t e r i n g a n g l e s 
< o - 1 ° 0 S ^ 9 . For a c o r r e l a t i o n l e n g t h o f = 1 0 0 A, t h e m a g n e t i c DCS 
a t 0 = 9 ° i s a l r e a d y down t o l e s s t h a n ^% o f i t s p e a k (0 = 0 ° ) 
v a l u e . T h e r e f o r e , i f s u f f i c i e n t l y c l o s e t o t h e c r i t i c a l p o i n t , t h e 
o v e r w h e l m i n g p o r t i o n o f t h e s c a t t e r i n g t a k e s p l a c e w i t h i n a n g l e s s m a l l 
e n o u g h t o s a t i s f y t h e s m a l l k r e s t r i c t i o n , t h u s e f f e c t i v e l y m a k i n g 
Eq. ( 5 . 5 3 ) a p p l i c a b l e w i t h o u t r e s t r i c t i o n . 
I n t h e n e x t c h a p t e r , t h e c o n t r i b u t i o n o f d o u b l e s c a t t e r i n g t o 
t h e c r i t i c a l n u c l e a r c r o s s s e c t i o n i s t r e a t e d . 
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CHAPTER VI 
d 2 a ( 2 ) _ l i m 4 1_ \ 
dftdE, H . 3 , 4 k, f (2-rrn) n l 
2 j_ —00 —00 — 00 —00 
x A 1 ( t 2 ) A 1 ( t 1 ) A 2 ( t 3 ) A 2 ( t 4 ) | k ± > | £ f > 
£ ( t l + t 2 + t 3 + V 
< B ( t 2 ) B ( t 1 ) B ( t 3 ) B ( t 4 ) > e ( 6 . 1 ) 
I n a p p l y i n g t h i s c r o s s s e c t i o n t o s c a t t e r i n g from a l i q u i d n e a r i t s 
c r i t i c a l p o i n t , i t may a p p e a r from t h e d i s c u s s i o n i n C h a p t e r IV t h a t 
t h e d e c o m p o s i t i o n o f t h e f o u r B o p e r a t o r c o r r e l a t i o n f u n c t i o n i n t o 
p r o d u c t s o f p a i r c o r r e l a t i o n f u n c t i o n s , a s g i v e n i n Eq. ( 4 . 3 7 ) , i s n o t 
CRITICAL NUCLEAR DOUBLE SCATTERING FROM LIQUIDS 
I n t h i s c h a p t e r , t h e d o u b l e s c a t t e r i n g c r o s s s e c t i o n f o r c r i t i c a l 
n u c l e a r s c a t t e r i n g o f t h e r m a l - n e u t r o n s from a l i q u i d s l i g h t l y a b o v e i t s 
c r i t i c a l t e m p e r a t u r e i s o b t a i n e d and compared t o t h e s i n g l e s c a t t e r i n g 
c r o s s s e c t i o n o b t a i n e d i n t h e l a s t c h a p t e r . 
I n g e n e r a l , t h e d o u b l e s c a t t e r i n g DDCS f o r t h e r m a l - n e u t r o n s i s 
g i v e n by Eq. ( 4 . 3 6 ) , 
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j u s t i f i e d due t o t h e l o n g c o r r e l a t i o n l e n g t h s and r e l a x a t i o n t i m e s 
i n h e r e n t i n c r i t i c a l s y s t e m s . H o w e v e r , t h i s d e c o m p o s i t i o n c a n s t i l l b e 
m a d e , a l b e i t i n a somewhat m o d i f i e d f o r m . 
For n o t a t i o n a l c o n v e n i e n c e , l e t 
B ( t £ ) = B £ ( 6 . 2 ) 
Now, c o n s i d e r t h e f l u c t u a t i o n o f t h e o p e r a t o r B a b o u t i t s mean v a l u e , 
i . e . , 
K-\- <v (6-3) 
I t i s e a s i l y shown t h a t t h e f o u r B o p e r a t o r c o r r e l a t i o n f u n c t i o n i n 
Eq. ( 6 . 1 ) c a n b e w r i t t e n i n t e r m s o f c o r r e l a t i o n s o f t h e f l u c t u a t i o n s 
B a s 
< B 2 B l B 3 B A > = # 2 ^ 3 ^ ) + B ( 3 ) + B ( 2 ) ( 6 . 4 ) 
w h e r e 
B ^ > = ( B ^ X B ^ + < B 2 B 1 B A > < B 3 > 
'Xi "\i 'Xi . 'Xi 'Xi 'XI 
+ < B 2
B 3 B 4 > < B 1 > + < B 1 B 3 B 4 > < B 2 > ( 6 * 5 ) 
and 
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B ( 2 ) = < B 2 B 1 > < B 3 > < B 4 > 4- < B 2 B 3 > < B 1 > < B 4 > 
+ < B 2 B 4 > < B 1 > < B 3 > + < B 1 B 3 > < B 2 > < B 4 > 
+ < B 1 B 4 > < B 2 > < B 3 > + < B 3 B 4 > < B 2 > < B 1 > 
4- < B 2 > < B 1 > < B 3 > < B 4 > ( 6 . 6 ) 
R e t a i n i n g o n l y B ( 2 ) i n Eq. ( 6 . 4 ) w o u l d r e s u l t i n o b t a i n i n g t h e p u r e l y 
e l a s t i c c r o s s s e c t i o n ; t h u s i t w i l l b e d r o p p e d f rom f u r t h e r c o n s i d ­
e r a t i o n s . For n u c l e a r s c a t t e r i n g , a s w a s shown p r e v i o u s l y , t h e 
o p e r a t o r B^ i s e s s e n t i a l l y t h e d e n s i t y o p e r a t o r a t r^; t h u s B i s t h e 
d e n s i t y f l u c t u a t i o n o p e r a t o r . N e a r t h e c r i t i c a l p o i n t , t h e c l a s s i c a l 
f r e e e n e r g y f o r t h e l i q u i d i s a q u a d r a t i c form i n t e r m s o f d e n s i t y 
f l u c t u a t i o n s , c f . Eq. ( 5 . 2 7 ) . T h e r e f o r e , a s shown i n A p p e n d i x I I , a 
c l a s s i c a l e v a l u a t i o n o f t h e a b o v e c o r r e l a t i o n s y i e l d s 
<BAV = 0 ( 6 . 7 ) 
t h u s , B ( 3 ) = 0 , and 
< B 2 S M , > = < B 2 B 1 > < B 3 B 4 > + < B 2 B 3 > < B 1 B 4 > + < B 2 B 4 > < B 1 B 4 > 
( 6 . 8 ) 
T h e r e f o r e , f o r i n e l a s t i c s c a t t e r i n g o n l y , Eq. ( 6 . 4 ) b e c o m e s 
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< B 2 B 1 B 3 B 4 > = < B 2 B 1 > < B 3 B 4 > + < B 2 B 3 > < B l V + ^ V ^ l V ( 6 ' 9 ) 
which i s the same decomposition as given by Eq. ( 4 . 3 7 ) , except expressed 
in terms of pair corre lat ions of the f luc tuat ions of the operator B 
about i t s mean value . Thus, Eq. (4.46) i s appl icable for i n e l a s t i c 
c r i t i c a l nuclear double sca t ter ing and y i e l d s for the i n e l a s t i c DDCS 
d 2 a \ lim % 1 k f 
,dftdE^ / e->0
 / 0 w 8 fi k. V f / (zirfi) l 
, g 4 ; d \ ;
 d \ j da, -
X £ ( £ . - £ , 1L - 1 c . , 0 ) " ) ^ ( 1 c - 1 L , 1 c _ - 1L ,0) - 03") 
i a b i a f f b 
fa - < + 
2 n y ^ 
f2 
+ i e 
• l / 2 2 2 L W . \ - l 
( \ ~ k i + 7 7 T " 1 £ j (6.10) 
w h e r e , from Eq. ( 5 . 2 ) , 
2-nfi2g . 
g = (6.11) 
m N 
and where t h e dynamic s t r u c t u r e f a c t o r , Slf, i n v o l v e s c o r r e l a t i o n s of 
d e n s i t y f l u c t u a t i o n s 
£ ( £ 2 , £ 4 , w - ) = J d x e ~ i w " T <[n£ (0) - <n^ (0) >] ( T ) - ( T ) > ] > . 
(6.12) 
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I n t h e QA, t h e d y n a m i c s t r u c t u r e f a c t o r b e c o m e s 
S ( k 2 , k 4 , o / ) = ["<n£ n + > - <n+ ><n+ >lfi(uO 
1 - 2 4 2 4 -J 
„ _ - i k *r - i k *r 
= J d\± j d r 2 e 1 e 4 2 r ( ? 1 , ? 2 ) 6 ( u > ) ( 6 . 1 3 ) 
w h e r e t h e d e n s i t y - d e n s i t y c o r r e l a t i o n f u n c t i o n , r, i s g i v e n by Eq . (5.16). 
At t h i s p o i n t , t h e a s s u m p t i o n t h a t t h e l i q u i d i s t r a n s l a t i o n a l l y 
i n v a r i a n t w i l l b e m a d e . H o w e v e r , some c a r e m u s t b e e x e r c i s e d i n m a k i n g 
t h i s a s s u m p t i o n . P h y s i c a l l y , t r a n s l a t i o n a l i n v a r i a n c e means t h a t t h e 
l i q u i d h a s t h e same p r o p e r t i e s a t e v e r y p o i n t i n t h e l i q u i d , i n c l u d i n g 
p o i n t s on o r n e a r t h e s u r f a c e , i . e . , b u l k e f f e c t s a r e h o m o g e n e o u s and 
b o u n d a r y e f f e c t s a r e n e g l e c t e d . M a t h e m a t i c a l l y , t h e o n l y t i m e b o u n d a r y 
e f f e c t s a r e a b s e n t i s when t h e t a r g e t h a s a n i n f i n i t e s p a t i a l e x t e n t . 
T h e r e f o r e , t h e a s s u m p t i o n o f t r a n s l a t i o n a l i n v a r i a n c e r e q u i r e s a n 
i n f i n i t e t a r g e t i f t h e m a t h e m a t i c s i s t o r e m a i n e x a c t l y c o r r e c t . H o w e v e r , 
u n l i k e s i n g l e s c a t t e r i n g , d o u b l e s c a t t e r i n g , a s w i l l b e s h o w n , d e p e n d s 
on t a r g e t g e o m e t r y ; t h e r e f o r e , a s s u m i n g an i n f i n i t e t a r g e t w i l l l e a d t o 
u n p h y s i c a l r e s u l t s . The f i n i t e n a t u r e o f t h e t a r g e t m u s t b e r e t a i n e d . 
P r o c e e d i n g f o r m a l l y , n o t i c e t h a t t h e d e n s i t y - d e n s i t y c o r r e l a t i o n 
f u n c t i o n , T ( r ^ , r 2 ) , i s n o n - z e r o o n l y when r^ and r 2 a r e w i t h i n t h e t a r g e t . 
-> -> 
T h e r e f o r e , t h e l i m i t s o f t h e r^ and r 2 i n t e g r a t i o n s i n Eq. (6.13) a r e c o n f i n e d t o t h e t a r g e t , 
Sf(k2,k4,uO = J d r 2 J d r 2 e 1 e 4 r^,?^^') ( 6 . 1 4 ) V V 
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Now, a s s u m i n g t h a t t h e b u l k e f f e c t s o f t h e t a r g e t a r e h o m o g e n e o u s , 
T w i l l d e p e n d o n l y on t h e r e l a t i v e s e p a r a t i o n , r = r^ - r ^ . T h u s , 
m a k i n g a c h a n g e o f i n t e g r a t i o n v a r i a b l e , i . e . , l e t t i n g r^ = r + r ^ , 
S ( k 2 , k 4 , u ) = 
- I L K . + K . J T ,
 0 - i k . « r 
J d 3 r i e 2 4 1 J d 3 r e 4 r ( r ) S ( o O ( 6 . 1 5 ) 
<?x> 
o r , l e t t i n g r^ = r - r ^ , t h e n r e p l a c i n g r 2 w i t h r , 
S ( k 2 , k 4 > w ) = 
- i l k . + k . j ' r .
 0 i k - r 
J d 3 r 2 e 2 4 1J d 3 r e 2 r(f")6(w') ( 6 . 1 6 ) 
w h e r e , i n b o t h c a s e s , t h e i n t e g r a l o v e r r d e p e n d s o n r , and T ( r ) i s 
g i v e n by Eq . ( 5 . 2 3 ) . Now, when t h e l i q u i d i s s l i g h t l y a b o v e i t s 
c r i t i c a l t e m p e r a t u r e ( o n t h e c r i t i c a l i s o c h o r e ) , T ( r ) w i l l h a v e a 
- 1 ? _ 3 
m 
— 1 U J Q 
i c r o s c o p i c r a n g e , i . e . , ^ 1 0 A - 1 0 A. T h e r e f o r e , t h e o n l y p l a c e 
t h i s d e p e n d e n c e on r^ i s i m p o r t a n t i s w i t h i n a m i c r o s c o p i c d i s t a n c e o f 
t h e s u r f a c e . N e g l e c t i n g t h i s b o u n d a r y e f f e c t , S c a n b e w r i t t e n , f rom 
Eq. ( 6 . 1 5 ) , 
„ . . o - i ( k +k ) * r 0 0 ~ ~ i k A # r 
S ( k 2 , y ) = J d ^ e Z ^ 1 J d J r e 4 r ( r ) 6 ( u ' ) ( 6 . 1 7 ) 
—00 
V 
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o r , f rom Eq. ( 6 . 1 6 ) , 
S ( k 2 , k 4 , c a ' d 3 r . 
- i ( k 2 + k 4 ) 
A3 
d r 
i k . 
r ( ? ) 6 ( c o O 
( 6 . 1 8 ) 
M a t h e m a t i c a l l y , t h e e q u a l i t y s i g n h o l d s i n E q s . ( 6 . 1 7 ) and ( 6 . 1 8 ) and 
t h e s e two e x p r e s s i o n s f o r S a r e e q u i v a l e n t o n l y f o r an i n f i n i t e t a r g e t , 
s i n c e t h e n 
J d v z e ^ " 1 = ( 2 T r ) J 5 ( k 2 + k 4 ) ( 6 . 1 9 ) 
t h u s , k 2 = - k ^ i n o r d e r f o r S t o b e n o n - z e r o . H o w e v e r , f o r a m a c r o -
-> 
s c o p i c t a r g e t , t h e s e two e x p r e s s i o n s f o r S a r e s t i l l p h y s i c a l l y e q u i -
-> 
v a l e n t , s i n c e t h e i n t e g r a l o v e r r^ w i l l r e q u i r e 
k 2 + k 4 | < I 1 ( 6 . 2 0 ) 
w h e r e £ i s a l i n e a r d i m e n s i o n o f t h e 
U s i n g Eq. ( 5 . 2 3 ) f o r T ( r ) and 
16 
t e r m , f rom E q s . ( 6 . 1 1 ) , ( 6 . 1 7 ) and 
i n e l a s t i c DDCS, Eq. ( 6 . 1 0 ) , b e c o m e s 
t a r g e t . T h u s , f o r t h e r m a l - n e u t r o n s 
d r o p p i n g t h e s e l f - c o r r e l a t i o n 
( 6 . 1 8 ) t h e d o u b l e s c a t t e r i n g 
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da \ ( 2 ) l i m p 4 a 4 1 
dftdE^ / e-K) . 4 fi 
v f / . 4TT 
I 
3. „ ,3. , ,3 , ,3 - i < V f y " < W 
x J d \ J d \ J d J r x J d J r 2 e 
V V 
3 3 i ( k - k f ) T - i ( k ^ - k ) 
x J d r J d r ' e a e 1 g ( r ) g ( r " ) 
x ( k 2 - k 2 + i e ) 1 ( k ? - k 2 - i e ) 1 6 ( w ) ( 6 . 2 1 ) 
a I b I 
w h e r e E q s . ( 5 . 6 ) and ( 5 . 8 ) h a v e b e e n u t i l i z e d . 
The k^ and k^ i n t e g r a t i o n s i n Eq. ( 6 . 2 1 ) a r e e a s i l y e v a l u a t e d 
u s i n g t h e m e t h o d s o f c o m p l e x c o n t o u r i n t e g r a t i o n and y i e l d 
-i • o o - i k • ( r - r - r ) i k » ( r 0 - r - r ) 
Xl
™ r d \ r d \ e a 2 1 e % 2 1 
e-K) J a J b 
. . 2 , 2 , . . - l , . 2 2 . . - 1 
x (k - k + i e ) ( 1 ^ - k - i e ) 
- i k . r - r - r i k . r - r - r 
, I 1 2 1 1 l 1 2 1 1 
4TT — — $ ( 6 . 2 2 ) 
r —r —r r —r —r 
1
 2 1 1 1 2 1 1 
From Eq. ( 6 . 2 1 ) , t h e d o u b l e s c a t t e r i n g i n e l a s t i c DCS b e c o m e s 
71 
d o \ ( 2 ) 4 4 
*• / i V V 
i k . « r ^ - i k ^ T 
x e 1 e g ( r ) g ( r " ) 
- i k . r - r - r i k . r - r - r 
I 1 2 1 1 I 1 2 1 
e e 
x 
r 2 - r r r I V V * ' 
( 6 . 2 3 ) 
S i n c e r and r^ a p p e a r i n t h e c o r r e l a t i o n f u n c t i o n , g , t h e y a r e 
r e s t r i c t e d t o m i c r o s c o p i c d i s t a n c e s by t h e c o r r e l a t i o n r a n g e , 
< - 1 - » • - » • i . e . , r I\J . T h e r e f o r e , s i n c e r^ and r 2 a r e f r e e t o r a n g e o v e r t h e 
e n t i r e t a r g e t w h i c h i s o f m a c r o s c o p i c d i m e n s i o n s , t h e o v e r w h e l m i n g 
c o n t r i b u t i o n s t o t h e i n t e g r a l s o v e r r^ and r 2 come when 
r 2 _ r l ' > > : > r ' r ' 
T h u s , 
r - r - r = r 0 - r - r ( 6 . 2 4 ) 2 1 1 " "21 2 1 
r 2 - r r r 1 - r ^ - y r ' ( 6 . 2 5 ) 
w h e r e = r 2 - r and r 2 ^ = ^ 2 1 ^ r 2 1 * ^ & e x P o n e n t i a l t e r m s i n E < 3 
( 6 . 2 3 ) become 
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- > - > - > 
- i k . r 0 - r - r 
1 2 1 
- > - > - > 
r —r —r 
2 1 
- i k . r 2 1 
^ e e 
iq* r 
( 6 . 2 6 ) 
2 1 
ik . r - r -r ' 
l 1 2 1 
r —r —r 
2 1 
l k i r 2 1 
^ e e 
- iq* r' 
(6.27) 
2 1 
where 
q = k . r 2 1 ( 6 . 2 8 ) 
represents the wave vector of magnitude k^ along the d i rec t ion r2±' 
-> -> 
Ident i fy ing r^ as locat ing the f i r s t scat ter ing event: and r 2 as locat ing 
-> 
the second scat ter ing event, q i s the intermediate wave vector of the 
neutron between sca t ter ing events . 
From Eqs. (6.26) and ( 6 . 2 7 ) , the double scat ter ing i n e l a s t i c 
DCS, Eq. ( 6 . 2 3 ) , becomes, a f ter a change of in tegrat ion var iab le , 
da ,(2) 
p 4 a 4 J d 3 r 1 j d 3 r 2 1 r 2 2 g ( k ± - q ) g ( q - k f ) ( 6 . 2 9 ) 
V 
< r i > 
where 
-> 3 g(k ) = J d r e 
ik •r 
g(r) ( 6 . 3 0 ) 
i s the Fourier transform of g ( r ) . The l i m i t s of integrat ion on r,^ 
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s t i l l g o o v e r t h e t a r g e t b u t now d e p e n d on r ^ . 
U s i n g t h e OZ c o r r e l a t i o n f u n c t i o n f o r g ( r ) , Eq. ( 5 . 5 2 ) , t h e 
d o u b l e s c a t t e r i n g c r i t i c a l n u c l e a r i n e l a s t i c DCS, Eq. ( 6 . 2 9 ) , b e c o m e s 
w h e r e 
2
„ 4 
C = ^ ( 6 . 3 2 ) 
r l 
[ t h e r^ c o n t a i n e d i n C i s t h e OZ " d i r e c t c o r r e l a t i o n l e n g t h " d e f i n e d by 
Eq. ( 5 . 5 0 ) ] . Remembering t h a t q d e p e n d s on T2±* ^ t b e c o m e s e v i d e n t 
t h a t t h e d o u b l e s c a t t e r i n g d e p e n d s on t a r g e t g e o m e t r y . Now, u s i n g 
Eq. ( 6 . 2 8 ) f o r q , t h e m a g n i t u d e s o f t h e i n t e r m e d i a t e w a v e v e c t o r 
t r a n s f e r s a r e 
i 
| k . - q | = 2 k . s i n ~ ( 6 . 3 3 ) 
1
 I 1 I 2 
I q - k f | = 2 k ± s i n ~ ( 6 . 3 4 ) 
w h e r e t h e i n t e r m e d i a t e s c a t t e r i n g a n g l e s 8^ and 0^ a r e d e p i c t e d i n 
F i g u r e 1 . As t h e c r i t i c a l t e m p e r a t u r e i s a p p r o a c h e d , -> 0 , t h e DCS, 
Eq. ( 6 . 3 1 ) , i s v e r y s h a r p l y p e a k e d a b o u t 0- = 0 9 = 0 and r ? 1 l i e s i n a 
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s m a l l s o l i d a n g l e c e n t e r e d a b o u t k^ w i t h v e r t e x a t r ^ . T h e r e f o r e , 
-> -> -> 
d e f i n i n g &(r^) a s t h e l e n g t h f rom r^ i n t h e d i r e c t i o n o f k^ t o t h e 
b o u n d a r y o f t h e t a r g e t ( s e e F i g u r e 1 ) , t o a v e r y g o o d a p p r o x i m a t i o n , 
t h e DCS, Eq. ( 6 . 3 1 ) , c a n b e w r i t t e n 
/ \ ( 2 ) - 2TT TT 
( f 8 C J d r i ^ S DH I d e 1 s m e 1 
1
 v 0 
R , , 2 . 2 y i , 2~| 1 ["„ 2 . 2 9 2 , 2~| 1 
x 4k^ s m — 1- KjJ I 4k^ s m — 1-
= C J d3r± £ ( ? 1 ) G ( k ± , E S , K I ) ( 6 . 3 5 ) 
V 
The a n g l e 6^ w i l l d e p e n d on <$>^> 0^ and t h e s c a t t e r i n g a n g l e 0^ . 
D e f i n i n g 
{Z) = V 1 J d 3 r i £ ( ? 1 ) ( 6 . 3 6 ) 
t h e d o u b l e s c a t t e r i n g c r i t i c a l n u c l e a r i n e l a s t i c DCS, Eq . ( 6 . 3 5 ) , 
f rom Eq. ( 6 . 3 2 ) , b e c o m e s 
(§A = n £ - 4 <*> ^ i ' V ^ ( 6 - 3 7 ) 
r l 
The l e n g t h (Z) w i l l b e o f t h e o r d e r o f m a g n i t u d e o f t h e l i n e a r d i m e n ­
s i o n o f t h e t a r g e t . For a s p h e r i c a l t a r g e t o f r a d i u s R, (I) = 3 R / 4 
and f o r a s l a b o f t h i c k n e s s L , {Z) = L / 2 . 
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The i n t e g r a l G(k_^,9^ , K ^ ) , d e f i n e d by Eq. ( 6 . 3 5 ) , i s e v a l u a t e d 
i n A p p e n d i x I I I i n t h e s m a l l a n g l e a p p r o x i m a t i o n , i . e . , s i n 9 ^ 9 and 
i s g i v e n by 
G o o o i ^n 
K F K : X ( X z + 4 ) ^ 
1 1 
r x 3 + 3 x + ( x 2 + l ) ( x 2 + 4 ) ^ 
O 1^ 
( x Z + 4 ) 2 - x 
( 6 . 3 8 ) 
w h e r e 
x = K K 
- 1 ( 6 . 3 9 ) 
and 
K = K , 
i S 
( 6 . 4 0 ) 
i s t h e w a v e v e c t o r t r a n s f e r o f t h e n e u t r o n . I n t h e same s m a l l a n g l e 
a p p r o x i m a t i o n , t h e s i n g l e s c a t t e r i n g c r i t i c a l n u c l e a r i n e l a s t i c DCS, 
Eq. ( 5 . 5 3 ) , i s 
d o \ 
D 4 
( 1 ) 
= N a. 2 2 
r l K l 
2 - 1 ( 1 + x Z ) 1 ( 6 . 4 1 ) 
T h e r e f o r e , t h e c o m b i n e d i n e l a s t i c DCS, s i n g l e p l u s d o u b l e s c a t t e r i n g , 
f rom E q s . ( 6 . 3 7 ) and ( 6 . 4 1 ) , i s g i v e n by 
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Y2) . feY" 
AN/. [ 1 + BH(x)] ( 6 . 4 2 ) 
where 
a
 =
 7 7
 P 
P
 , 2 2 
k i r i 
( 6 . 4 3 ) 
and 
H ( x ) = x
2
+ l 
x ( x " + 4 ) L ( x + 
x + l ) ( x + 4 ) 
4 ) ^ - x 
( 6 . 4 4 ) 
S i n c e H ( 0 ) = 1 , 3 i s t h e f r a c t i o n o f d o u b l e s c a t t e r i n g a t x = 0 . 
N o t i c e t h a t t h e d o u b l e s c a t t e r i n g w i l l b e c o m e more p r o n o u n c e d , i . e . , 
3 w i l l i n c r e a s e a s ( 1 ) p i n c r e a s e s , ( 2 ) t h e t a r g e t s i z e i n c r e a s e s ( ( £ ) 
2 
i n c r e a s e s ) , and ( 3 ) t h e n e u t r o n ' s e n e r g y , E^ , d e c r e a s e s (k^ d e c r e a s e s ) . 
I n f a c t , d o u b l e s c a t t e r i n g w i l l b e more s e n s i t i v e t o t h e n e u t r o n ' s 
_ 2 
i n i t i a l w a v e v e c t o r (3 g o i n g l i k e k^ ) t h a n t o t a r g e t s i z e . 
R e t u r n i n g t o t h e d e c o m p o s i t i o n o f t h e f o u r B o p e r a t o r c o r r e l a t i o n 
f u n c t i o n g i v e n i n Eq. ( 6 . 9 ) , t h e f i r s t two t e r m s , w h i c h , up t o now, 
h a v e b e e n n e g l e c t e d , a r e now c o n s i d e r e d . The s e c o n d t e r m i n Eq. ( 6 . 9 ) , 
(B^B^) ( B ^ B ^ ) , g i v e s r i s e t o a DCS f o r c r i t i c a l n u c l e a r d o u b l e s c a t t e r i n g 
t h a t r e p r e s e n t s a quantum i n t e r f e r e n c e e f f e c t and c a n b e n e g l e c t e d f o r 
m a c r o s c o p i c t a r g e t s . E x p l i c i t l y , i t g i v e s f o r t h e DCS, 
da Y ( 2 ) 
p V j d 3 r i J1 d 3 r 2 1 r " 2 e l ( k i + k f > ' r 2 1 g ( k . - ^ g ^ f > < 6 - 4 5 > 
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w h i c h i s i d e n t i c a l t o t h e DCS g i v e n by Eq. ( 6 . 2 9 ) e x c e p t f o r t h e p h a s e 
f a c t o r 
I n t e r m s o f o r d e r o f m a g n i t u d e , Eq . ( 6 . 4 5 ) g o e s l i k e ( k ^ £ ) 2 
( 2 ) 
w h e r e £ r e p r e s e n t s a l i n e a r d i m e n s i o n o f t h e t a r g e t and - V 2 ) , 
d n / ± 
t h e DCS g i v e n b y Eq. ( 6 . 3 7 ) . 
The f i r s t t e r m i n Eq. ( 6 . 9 ) , (B_B ) (B„B. ) , g i v e s r i s e t o a DCS 
z 1 J 4 
f o r c r i t i c a l n u c l e a r d o u b l e s c a t t e r i n g t h a t r e p r e s e n t s an e l a s t i c 
d i f f r a c t i o n e f f e c t and i s e s s e n t i a l l y a l l f o r w a r d s c a t t e r i n g f o r 
m a c r o s c o p i c t a r g e t s . E x p l i c i t l y , i t g i v e s f o r t h e DCS 
( d a ) ( 2 ) 2 2
 P 3 p a Jd r x 
- i k « r 1
 j d 3 r g ( r ) e 
- i k . r i k _ « r I f e ( 6 . 4 6 ) 
T h i s c r o s s s e c t i o n i s n o n - n e g l i g i b l e o n l y f o r s c a t t e r i n g a n g l e s 
eg < ( k . £ ) ~ 1 . 
N u m e r i c a l r e s u l t s f o r d o u b l e s c a t t e r i n g a r e c o n s i d e r e d i n d e t a i l 
o n l y f o r c r i t i c a l m a g n e t i c s c a t t e r i n g from f e r r o m a g n e t s ( s e e C h a p t e r I X ) , 
s i n c e much m o r e e x p e r i m e n t a l e f f o r t h a s b e e n i n v e s t e d i n t h i s a r e a t h a n 
h a s b e e n i n v e s t e d i n c r i t i c a l n u c l e a r s c a t t e r i n g o f n e u t r o n s from 
l i q u i d s . H o w e v e r , f o r c u r r e n t l y e m p l o y e d r a n g e s o f e x p e r i m e n t a l p a r a ­
m e t e r s , i t d o e s a p p e a r t h a t d o u b l e s c a t t e r i n g i s a s m a l l e f f e c t i n 
c r i t i c a l n u c l e a r s c a t t e r i n g from l i q u i d s . I n a r e c e n t e x p e r i m e n t on 
78 
c r i t i c a l s c a t t e r i n g from neon,""' t h e d o u b l e s c a t t e r i n g p a r a m e t e r i s 
e s t i m a t e d t o b e 3 - 0 . 0 0 2 . 
I n t h e n e x t c h a p t e r , c r i t i c a l m a g n e t i c s c a t t e r i n g f rom f e r r o -
m a g n e t s s l i g h t l y a b o v e t h e i r C u r i e t e m p e r a t u r e i s c o n s i d e r e d . 
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F i g u r e 1 . D o u b l e S c a t t e r i n g G e o m e t r y . 
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CHAPTER V I I 
=
 " ^ j * V ^ N } ( 7 - 2 ) 
CRITICAL MAGNETIC SINGLE SCATTERING FROM FERROMAGNETS 
I n t h i s c h a p t e r , t h e s i n g l e s c a t t e r i n g c r o s s s e c t i o n f o r c r i t i c a l 
m a g n e t i c s c a t t e r i n g o f t h e r m a l - n e u t r o n s from a f e r r o m a g n e t s l i g h t l y 
a b o v e i t s C u r i e t e m p e r a t u r e , T , i s o b t a i n e d . 
c 
The M a g n e t i c I n t e r a c t i o n 
L e t t i n g t h e t a r g e t b e a f e r r o m a g n e t i c c r y s t a l , o n l y t h e c a s e o f 
m a g n e t i c s c a t t e r i n g , w h e r e t h e s p i n o f t h e i n c o m i n g n e u t r o n c o u p l e s t o 
t h e s p i n o f t h e u n p a i r e d t a r g e t e l e c t r o n s , i s c o n s i d e r e d . I n a d d i t i o n , 
o n l y f e r r o m a g n e t s f o r w h i c h t h e o r b i t a l c o n t r i b u t i o n t o t h e e l e c t r o n ' s 
m a g n e t i c ( d i p o l e ) moment i s n e g l i g i b l e o r c a n s i m p l y b e t a k e n a c c o u n t 
o f by a d j u s t i n g t h e e l e c t r o n i c s p i n quantum n u m b e r , a r e t r e a t e d . 
The i n t e r a c t i o n b e t w e e n t h e n e u t r o n and t h e e l e c t r o n s o f t h e 
t a r g e t i s g i v e n b y 
< K t ) = X > [ ? ( t ) , Y N , Y . ( t : ) ] ( 7 . 1 ) 
J 
w h e r e t h e i n t e r a c t i o n , < F > ( r , y ^ , I J J ) , b e t w e e n t h e m a g n e t i c moment , u^ , 
t h 
o f t h e n e u t r o n a t r^ and t h e m a g n e t i c moment , u , o f t h e j e l e c t r o n 
-> 
a t Ty i s g i v e n by 
8 1 
H e r e , r = r^ - r^ . and fi^  i s t h e m a g n e t i c f i e l d d u e t o t h e m a g n e t i c 
moment o f t h e n e u t r o n . By d e f i n i t i o n o f t h e v e c t o r p o t e n t i a l , A^, 
-> -> 18 
and A^ d u e t o a m a g n e t i c moment i s w e l l - k n o w n t o b e 
W % ( 7 . 4 ) 
T h u s , t h e m a g n e t i c f i e l d , Eq. ( 7 . 3 ) , b e c o m e s 
19 
w h e r e t h e i d e n t i t y 
[ v y = - - [ v ' ( 7 ) ] 
19 
h a s b e e n u s e d . U s i n g t h e v e c t o r r e l a t i o n 
V x [A x B] = A(V • B) - B(V • A) + (B • v")A - (A • V)B ( 7 . 7 ) 
Eq. ( 7 . 5 ) b e c o m e s 
K m • M r ) + 4 " V ( r ) < 7 - 8 > 
20 
\ 7 2 ( r ) = - 4TT6(?) * ( 7 . 9 ) 
19 
h a s b e e n u s e d . Now, u s i n g t h e v e c t o r r e l a t i o n 
V"(A • B) = A x (V x B) + B x (V x A) + ( B • V)A + (A • V)B 
o n e o b t a i n s 
% • m] - <5* • Mi) 
s i n c e 
( 7 . 1 1 ) 
x = 0 ( 7 . 1 2 ) 
T h e r e f o r e , t h e i n t e r a c t i o n , Eq. ( 7 . 2 ) , f rom E q s . ( 7 . 8 ) and ( 7 . 1 1 ) , c a n 
b e w r i t t e n 
* ( r , y N , y . ) = - y . • V • v(±)J - 4 ^ • y N 6 ( r ) ( 7 . 1 3 ) 
The F o u r i e r t r a n s f o r m o f (j), (j), Eq. ( 4 . 2 8 ) , i s g i v e n by 
w h e r e t h e i d e n t i t y 
8 3 
- i k • r 
N y N «(r ) 
- i k • r 
= - J d r e 1 y • v[y - v(-JJ - 4-rry^ • y N ( 7 . 1 4 ) 
As shown i n A p p e n d i x IV, 
- i k • r 
J d r e 1 y • V ' v(^ J = 4 7 r ( y N • k ^ (y • k 1 ) ( 7 . 1 5 ) 
w h e r e k^ = k ^ / k ^ . T h e r e f o r e , 
( K k ^ y ^ y . . ) = - 4 i ry N • y - ^ ( y ^ • k1> = * ( y N ) * bCk^y ) ( 7 . 1 6 ) 
w h e r e 
l ( y N ) = - 4 7 r y N ( 7 . 1 7 ) 
So^.y ) = y j - k ^ y • k ^ ( 7 . 1 8 ) 
a r e t h e o p e r a t o r s f i r s t i n t r o d u c e d i n Eq. ( 4 . 2 9 ) . From Eq. ( 7 . 1 6 ) , 
t h e i n t e r a c t i o n <J>(t), Eq. ( 4 . 2 7 ) , c a n now b e w r i t t e n i n t h e d e s i r e d 
f o r m , Eq. ( 4 . 2 ) , 
4>(t) A a ( k , t ) B a ( k t ) 
k 
R l 
( 7 . 1 9 ) 
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w h e r e 
i k 1 T . . ( t ) 
A (k , t ) = e a (u ) ( 7 . 2 0 ) 
B a ( S r t ) « E e " l k l ' r j ( t ) b a f t 1 , : . ( t ) l ( 7 . 2 1 ) 
j 
The m a g n e t i c moments o f t h e n e u t r o n and t h e e l e c t r o n a r e r e l a t e d 
t o t h e i r r e s p e c t i v e s p i n s , s ^ and s^., by 
W N = 8 N V N ( ? - 2 2 ) 
y . - - 8 e V . ( 7 . 2 3 ) 
w h e r e 
eft 
0 2 m N c ( 7 . 2 4 ) 
i s t h e n u c l e a r m a g n e t o n , 
y B 2m c ( 7 . 2 5 ) 
e 
i s t h e Bohr m a g n e t o n , g^ and g^ a r e , r e s p e c t i v e l y , t h e n e u t r o n ' s and 
e l e c t r o n ' s Lande g - f a c t o r , m i s t h e e l e c t r o n ' s m a s s and e i s t h e 
e 
m a g n i t u d e o f t h e e l e c t r o n ' s c h a r g e . E x p e r i m e n t a l l y , 
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lN * - 3 . 8 2 ( 7 . 2 6 ) 
* 2 . 0 0 ( 7 . 2 7 ) 
Therefore, 
y N = " 8 ^ S N ( 7 - 2 8 ) 
+ eft , 7 . y . = s . (7 . 2 9 ) 
1 / 
w h e r e g = - g ^ / 2 = 1 . 9 1 . N o t i c e , t h a t s i n c e t h e z - c o m p o n e n t o f t h e 
n e u t r o n ' s s p i n i s H i i . e . , s ^ = H i t h e z - c o m p o n e n t o f t h e n e u t r o n ' s 
m a g n e t i c moment i s 
Vl = g 2 ^ = 8 P 0 ( 7 - 3 0 ) 
t h u s , g i s t h e z - c o m p o n e n t o f t h e n e u t r o n ' s m a g n e t i c moment i n n u c l e a r 
m a g n e t o n s . R e p l a c i n g t h e s e m a g n e t i c m o m e n t s , E q s . ( 7 . 2 8 ) and ( 7 . 2 9 ) , 
i n E q s . ( 7 . 1 7 ) and ( 7 . 1 8 ) g i v e s 
» < V- 4 ,*$r 3H ( 7 - 3 1 ) 
" " ST {Vt} ' *;iPj(t) • h]} (7-32) 
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The M a g n e t i c Dynamic S t r u c t u r e F a c t o r 
The s i n g l e s c a t t e r i n g m a g n e t i c DDCS i s g i v e n by Eq. ( 4 . 3 3 ) , 
2 
M d Y ~ - ~ T ^ ^ % s ( k ' w ) ( 7 ' 3 3 ) 
f 4TT fx I 
a 3 
w h e r e t h e n e u t r o n m a t r i x e l e m e n t s , M^ , a r e g i v e n by Eq . ( 4 . 3 4 ) , and 
t h e d y n a m i c s t r u c t u r e f a c t o r , S a ^ ( k , u ) ) , i s g i v e n by E q . ( 4 . 3 5 ) , w h i c h , 
from E q s . ( 7 . 2 1 ) and ( 7 . 3 2 ) s n o w b e c o m e s 
S (k ,a) ) = 
-i / . \ 2 - i o o T - i k » r . ( 0 ) i k » r n ( T ) 
\ e / j £ 
w h e r e 
P . = s . - k ( s . • k ) ( 7 . 3 5 ) 
J J J 
i s t h e c o m p o n e n t o f s^ p e r p e n d i c u l a r t o k . A g a i n , t h e sums o v e r j and 
£ i n t h e t a r g e t a v e r a g e i n Eq. ( 7 . 3 4 ) a r e o v e r t h e u n p a i r e d e l e c t r o n s 
o f t h e t a r g e t . A s s u m i n g t h e t a r g e t t o b e made up o f i d e n t i c a l a t o m s , 
w i t h n u n p a i r e d e l e c t r o n s p e r a tom and o n e a t o m p e r u n i t c e l l , t h e 
t a r g e t a v e r a g e i n Eq. ( 7 . 3 4 ) i s 
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< • • • > = N 
< E 
j,£=l 
•ik-R (0) ik-R£(x) E 
•ik*u x e J J (0) 
i k * u 
££ ( T ) 
JJ (k,0)p £ £ • 
( k , x ) > (7.36) 
-* th -> where R. is the position vector of the nucleus of the j atom, u..^  J JJ th th is the position vector of the j "* electron of the j atom, relative 
-> 
to R., and N is the number of atoms in the target. Neglecting nuclear 
-> r\j -> thermal motions, i.e., assuming a rigid lattice, Rj(T) = Rj(0)» a fixed c-number. The target average can now be written as 
-ik'R. ik«R, 
3 „ A < • ' ' > = E e " e 
x < Z e lkUjj^(0)
 e
l k U £ £ ^ ( T )
 p " ( £ , 0 ) p * ( £ , T ) > (7.37) 
where the average is now over the target electronic spatial and spin 
states. 
2 1 For most temperatures of interest, the initial electronic 
spatial state will be the ground state, l$0)« Therefore, neglecting any coupling between the electronic spatial and spin states 
- ik-R. ik-R 
<••• > = E e J e E P
 T (7.38) 
J
' a i 
l 
-> -> -> -> 
m -ik-u..^(0) i k - u „ „ ^ ( T ) / T l /* l V JJ ££ a 3
 N i \i T. x <o±|<*0l e JJ e P i r ( k . 0 ) p J ( k , T ) | $ >|a > j",£" 
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w h e r e P
 T i s t h e p r o b a b i l i t y o f t h e o c c u r r e n c e o f t h e t a r g e t s p i n s t a t e 
a . 
1 
] o \ ) . I n s e r t i n g a c o m p l e t e s e t o f e l e c t r o n i c s p a t i a l s t a t e s i n Eq. 
( 7 . 3 8 ) , a l l m a t r i x e l e m e n t s t h a t i n v o l v e t r a n s i t i o n s t o e x c i t e d e l e c ­
t r o n i c s p a t i a l s t a t e s a r e n e g l e c t e d , s i n c e t h e r m a l - n e u t r o n s h a v e i n s u f -
22 
f i c i e n t e n e r g i e s t o c a u s e s u c h t r a n s i t i o n s . T h e r e f o r e , 
- i k - R . i k - R £ 
< • • • > = Z e J e £ P 
J > £ T CF. 
o . 1 
l 
- i k - u . _ ( 0 ) 
x <oT\ ( H E e
 D
a
. . ( k , 0 ) 1$ > 
x < * Q | E U £ i r ( 0 ) P^^(tT)|*o>|a^> ( 7 . 3 9 ) 
A s s u m i n g t h a t t h e e l e c t r o n i c s p i n s t a t e s a r e a d e q u a t e l y d e s c r i b e d 
by t h e H e i s e n b e r g m o d e l , w h i c h a s c r i b e s t o e a c h a tom an e f f e c t i v e s p i n 
o p e r a t o r , S , o f f i x e d l e n g t h , i m p l i e s t h a t t h e e l e c t r o n i c s p a t i a l w a v e -
f u n c t i o n s a r e l o c a l i z e d a r o u n d e a c h a t o m ; t h u s o v e r l a p p i n g b e t w e e n 
w a v e f u n c t i o n s a s s o c i a t e d w i t h d i f f e r e n t a t o m s c a n b e n e g l e c t e d , i . e . , 
I V = l*i>l*2) • • • I V ( 7 ' 4 0 ) 
w h e r e (r | < J > ) i s t h e g r o u n d s t a t e e l e c t r o n i c s p a t i a l w a v e f u n c t i o n a s s o -
c i a t e d w i t h t h e £ a t o m . T h e r e f o r e , from Eq. ( 7 . 3 9 ) , 
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- i k « u . . „ - i k * u 
"k ~* *k 
= <^ L E e J R U ^ P ^ = <4>L E e r | ^ > P j j - ( 7 ' 4 1 ) 
The l a s t e q u a t i o n i n Eq. ( 7 . 4 1 ) f o l l o w s from t h e f a c t t h a t t h e e l e c t r o n i c 
s p a t i a l m a t r i x e l e m e n t i s i n d e p e n d e n t o f t h e p a r t i c u l a r a tom c h o s e n , 
s i n c e a l l a t o m s a r e a s s u m e d t o b e i d e n t i c a l . From Eq. ( 7 . 4 1 ) , 
"k "k 
e r 14> > p " r = / d 3 u e < * | E « ( u - u R ) L + > p " r O'.42) 
Now, 
a a a _ a ,-, , ~>\ 
P J 1 = P J 2 _ = P j n = p j ( 7 - 4 3 ) 
s i n c e a l l n u n p a i r e d s p i n s a r e a l i g n e d i n t h e same d i r e c t i o n ( H u n d ' s 
r u l e ) . T h u s , Eq. ( 7 . 4 2 ) b e c o m e s 
- i k * u . ^ _ - i k * u 
<4>| E e J U)v]y = J d J u e ^ ( u ) p ^ ( 7 . 4 4 ) 
w h e r e 
4 ' ( u ) = <<i>| E 6 ( u - u . ) |c/>> ( 7 . 4 5 ) 
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i s t h e a t o m i c , u n p a i r e d e l e c t r o n s p i n d e n s i t y . M u l t i p l y i n g and d i v i d i n g 
Eq. ( 7 . 4 4 ) by n , o n e o b t a i n s 
- i k * u . ^ ~ - i k - u 
<<H L e J U ) p a . . = J d u e 6(u)Fa ( 7 . 4 6 ) 
w h e r e 4 ( u ) = 4 ^ ( u ) / n i s t h e n o r m a l i z e d s p i n d e n s i t y , 
P
a
 =
 n p
a
 = [ $ . _ k(l - k)la ( 7 . 4 7 ) 
and 
S . = n s . ( 7 . 4 8 ) 
J J 
t h 2 3 
i s t h e e f f e c t i v e H e i s e n b e r g s p i n o p e r a t o r o f t h e j a t o m . From 
E q s . ( 7 . 3 9 ) , ( 7 . 4 1 ) and ( 7 . 4 6 ) , t h e d y n a m i c s t r u c t u r e f a c t o r , Eq. ( 7 . 3 4 ) , 
b e c o m e s 
i / *, \ 2 o - i k - R . i lc -R n 
x J d x e i W T <P^(k ,0)P^(k,T)) ( 7 . 4 9 ) 
w h e r e , now, t h e t a r g e t a v e r a g e , 
< • • • > = E
 p
2 <2±l •• |S±> (7.50) 
2 . i I 
9 1 
i s o v e r i n i t i a l t a r g e t s p i n e i g e n s t a t e s , o f t h e H e i s e n b e r g 
H a m i l t o n i a n 
H = 
& J J , * S J ' S " ( 7 ' 5 1 ) 
w h i c h d e t e r m i n e s t h e t i m e e v o l v e m e n t o f S ^ ( T ) . The f u n c t i o n F ( k ) , 
w h i c h i s g i v e n b y 
F ( k ) = J d 3 u e " i k ' U 6(u) ( 7 . 5 2 ) 
i . e . , t h e F o u r i e r t r a n s f o r m o f t h e n o r m a l i z e d s p i n d e n s i t y , i s t h e 
-> 
m a g n e t i c a t o m i c form f a c t o r . N o t i c e , t h a t s i n c e 4 ( u ) i s o f m i c r o s c o p i c 
-> 
r a n g e , F ( k ) w i l l b e a l o n g - r a n g e d , s l o w l y v a r y i n g f u n c t i o n o f k . A l s o , 
t h e form f a c t o r i s n o r m a l i z e d t o u n i t y , i . e . , F ( 0 ) = 1 . 
I n t h e QA, w h i c h i s a p p l i c a b l e f o r c r i t i c a l s c a t t e r i n g , 
P ^ ( k , x ) = P * ( k , 0 )
 t ( 7 . 5 3 ) 
and Eq . ( 7 . 4 9 ) b e c o m e s 
S a B ( l U ) = (fX | F ( k ) | 2 £ e " l k ' R J
 e * <?a(t)vl(t))SM (7 .54) 
V e / i , £ ^ 
The n e u t r o n m a t r i x e l e m e n t s , , i n Eq . ( 7 . 3 3 ) a r e e v a l u a t e d 
f o r a n u n p o l a r i z e d n e u t r o n beam. Summing o v e r f i n a l n e u t r o n s p i n 
s t a t e s and a v e r a g i n g o v e r i n i t i a l n e u t r o n s p i n s t a t e s , f r o m E q s . ( 4 . 3 4 ) 
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and ( 7 . 3 1 ) , o n e o b t a i n s 
N 2 y m^c / ^ N I 1 N N 1 l ' 4 1 m N c / a , 3 
From E q s . ( 7 . 5 4 ) and ( 7 . 5 5 ) , t h e s i n g l e s c a t t e r i n g m a g n e t i c DDCS, Eq. 
( 7 . 3 3 ) b e c o m e s 
,2 ( 1 ) / 2 \ 2
 0 _ - i k - R . i k - R 0 
^ = K i | r « | 2 . ^ J * 1 < P ° ( ^ - ( t ) ( 7 - 5 6 ) 
\ m e C / J » 
w h e r e t h e i d e n t i t y Eq. ( 5 . 8 ) h a s b e e n u t i l i z e d . From Eq. ( 7 . 4 7 ) 
<p"(k)p£(k)> = <[1 - k(S • k)] • [S £ - k d ^ • k)]> 
w h e r e k = k / k . For t h e H e i s e n b e r g H a m i l t o n i a n , Eq . ( 7 . 5 1 ) , t h e t a r g e t 
s p i n s y s t e m i s i n v a r i a n t t o s i m u l t a n e o u s r o t a t i o n s o f t h e s p i n s , i . e . , 
<SK> = i 6a,B< 5 j * V ( 7 - 5 8 ) 
t h u s , f rom Eq. ( 7 . 5 7 ) , 
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< P * ( k ) P * ( k ) > = | <1 • S £ > ( 7 . 5 9 ) 
The s i n g l e s c a t t e r i n g m a g n e t i c D C S , from E q s . ( 7 . 5 6 ) and ( 7 . 5 9 ) , 
I S 
„ ( 1 ) _ / 2 \ 2
 n - i k - R . i k - R n f \™\2Z* J e Ut-tz) ( 7 . 6 0 , 
\ m e c / J , £ 
A s s u m i n g a t r a n s l a t i o n a l l y i n v a r i a n t s p i n s y s t e m , 
- i k - R . i k - R i k # R n 
L e J e <S ' S > = N E e * <S • S + > ( 7 . 6 1 ) 
j , £ » J £ £ 
2 4 
As shown by G e r s c h , e t a l . ( a l s o s e e A p p e n d i x V ) , o n e c a n w r i t e t h e 
sum i n Eq. ( 7 . 6 1 ) a s 
i k - R i ( k - T ) - R 
L e ( S 0 ' S ^ ) = p £ J D J R e y (R) ( 7 . 6 2 ) 
w h e r e p ( t h e i n v e r s e o f t h e u n i t c e l l v o l u m e ) i s t h e a t o m i c number 
d e n s i t y , s i n c e t h e r e i s o n l y o n e a tom p e r u n i t c e l l , T i s a r e c i p r o c a l 
l a t t i c e v e c t o r and 
y ( R ) = < S 0 - S | > . ( 7 . 6 3 ) 
From E q s . ( 7 . 6 1 ) and ( 7 . 6 2 ) , t h e s i n g l e s c a t t e r i n g m a g n e t i c D C S , Eq. 
( 7 . 6 0 ) , b e c o m e s 
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da (1) ( 2 \ 2 V F ( k ) | 2 p L j A e ( 7 . 6 4 ) m c 
' e 
T 
T h i s DCS i s now a p p l i e d t o c r i t i c a l m a g n e t i c s c a t t e r i n g from a f e r r o ­
m a g n e t s l i g h t l y a b o v e i t s C u r i e t e m p e r a t u r e . 
The C u r i e ( c r i t i c a l ) t e m p e r a t u r e , T^9 o f a f e r r o m a g n e t i s 
d e f i n e d a s t h a t t e m p e r a t u r e a t w h i c h a f e r r o m a g n e t s p o n t a n e o u s l y g o e s 
from i t s p a r a m a g n e t i c s t a t e t o i t s f e r r o m a g n e t i c s t a t e . For t h e p a r a ­
m a g n e t i c s t a t e (T > T ^ ) , t h e H e i s e n b e r g s p i n s , " s , i n t h e a b s e n c e o f 
any e x t e r n a l m a g n e t i c f i e l d , a r e r a n d o m l y o r i e n t e d , s o t h a t t h e mean 
t o t a l s p i n , (S ) , i s z e r o , i . e . , 
I n t h e f e r r o m a g n e t i c s t a t e (T < T ^ ) , t h e s p i n s a r e p a r t i a l l y a l i g n e d 
and p o i n t i n g i n t h e same d i r e c t i o n ( w i t h i n a g i v e n d o m a i n ) , t h u s 
As t h e f e r r o m a g n e t a p p r o a c h e s i t s C u r i e t e m p e r a t u r e f rom a b o v e 
(T -> T * ) , s p i n f l u c t u a t i o n s b e c o m e v e r y l a r g e , i . e . , t h e n e t s p i n o f 
any g i v e n s u b r e g i o n o f t h e m a g n e t s u f f e r s l a r g e f l u c t u a t i o n s a b o u t i t s 
mean v a l u e o f z e r o . T h i s i s d u e t o t h e f a c t t h a t t h e m a g n e t i s 
a p p r o a c h i n g i t s o r d e r e d ( f e r r o m a g n e t i c ) s t a t e . T h e s e s p i n f l u c t u a t i o n s 
C r i t i c a l M a g n e t i c S c a t t e r i n g 
< S T ) = ( E s > = 0 ( p a r a m a g n e t i c , T > T^) ( 7 . 6 5 ) 
< S T ) ( f e r r o m a g n e t i c , T < T £ ) ( 7 . 6 6 ) 
95 
w i l l m a g n e t i c a l l y s c a t t e r t h e r m a l - n e u t r o n s . T h u s , t h e s i n g l e s c a t t e r i n g 
m a g n e t i c DCS, Eq. ( 7 . 6 4 ) , w i l l become v e r y l a r g e a s t h e C u r i e t e m p e r a ­
t u r e i s a p p r o a c h e d . T h i s c a n b e s e e n i n a q u a l i t a t i v e way by n o t i n g 
t h a t t h e z e r o ( e x t e r n a l m a g n e t i c ) f i e l d i s o t h e r m a l s u s c e p t i b i l i t y , x>£> 
_ l i m / 8 M \ . . 
XT = H*0 ( 7 ' 6 7 ) 
25 
a s d e t e r m i n e d f rom mean f i e l d t h e o r y , i s g i v e n b y 
X T = T _ T (T > T c ) ( 7 . 6 8 ) 
w h e r e A i s a c o n s t a n t . I n E q . ( 7 . 6 7 ) , M i s t h e m a g n e t ' s mean m a g n e t i c 
moment and H i s a n e x t e r n a l l y a p p l i e d m a g n e t i c f i e l d . As shown i n 
A p p e n d i x V, f o r a f e r r o m a g n e t i n i t s p a r a m a g n e t i c s t a t e (T > T ) , 
2 2 
TxT - p d 3 R e " i t 4 Y ( t ) (7.69) 
B T 
T h e r e f o r e , by n o t i n g t h a t when k i s e q u a l t o a r e c i p r o c a l l a t t i c e 
v e c t o r , k - T i s a l s o e q u a l t o a r e c i p r o c a l l a t t i c e v e c t o r , f rom E q s . 
( 7 . 6 4 ) and ( 7 . 6 9 ) , i t f o l l o w s t h a t 
( 1 ) da 
dft 
^ T X T ( 7 . 7 0 ) 
k = T 
a n d , from Eq. ( 7 . 6 8 ) , 
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da ( 1 ) 
a s T -> T 
c 
( 7 . 7 1 ) 
i . e . , t h e s c a t t e r i n g a r o u n d t h e B r a g g p e a k s o f t h e c r y s t a l b e c o m e s 
h u g e n e a r t h e C u r i e t e m p e r a t u r e . The form f a c t o r , F ( k ) , i n t h e DCS, 
Eq. ( 7 . 6 4 ) , w i l l s e r v e t o d e p r e s s t h e m a g n i t u d e o f t h e s c a t t e r i n g 
a r o u n d a l l b u t t h e T = 0 B r a g g p e a k . 
C o n s i d e r i n g o n l y s m a l l - a n g l e ( s m a l l k ) s c a t t e r i n g , i . e . , s c a t ­
t e r i n g a r o u n d T = 0 , t h e s i n g l e s c a t t e r i n g m a g n e t i c DCS, Eq. ( 7 . 6 4 ) , 
c a n b e w r i t t e n a s 
w h e r e t h e form f a c t o r , F ( k ) , h a s b e e n s e t e q u a l t o u n i t y s i n c e i t i s a 
s l o w l y v a r y i n g f u n c t i o n o f k and F ( 0 ) = 1 . 
The c o r r e l a t i o n o f t h e f l u c t u a t i o n s o f t h e s p i n a b o u t i t s mean 
v a l u e , o r t h e s p i n - s p i n c o r r e l a t i o n f u n c t i o n , i s g i v e n by 
i k - R ( 7 . 7 2 ) 
0 • %> - <s>
2 ( 7 . 7 3 ) 
w h e r e 
? = ? T / N ( 7 . 7 4 ) 
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and t h e f a c t t h a t (S^-) i s i n d e p e n d e n t o f R h a s b e e n u t i l i z e d . Above 
R 
2 
T , f rom E q s . ( 7 . 6 5 ) and ( 7 . 7 4 ) , (S ) = 0 ; t h u s , t h e s p i n - s p i n c o r r e ­
l a t i o n f u n c t i o n i s e q u a l t o y ( R ) , i . e . , 
y ( R ) = < S Q • S g > ( 7 . 7 5 ) 
When n e a r T , t h e c o r r e l a t i o n f u n c t i o n , y ( R ) , c a n b e d e t e r m i n e d u t i l i z ­
i n g t h e m e t h o d s o f K l e i n and T i s z a , and O r n s t e i n and Z e r n i k e a s o u t ­
l i n e d i n C h a p t e r V. L e t t i n g y = + + S^, f rom E q . ( 5 . 2 8 ) t h e 
AC AC AC AC 
t t l 
f l u c t u a t i o n , z^, o f y k i n t h e k " K l e i n - T i s z a " c e l l i s g i v e n by 
• k " E f t - «£>)" ^ ( 7 - 7 6 ) 
T h u s , f o r a t r a n s l a t i o n a l l y i n v a r i a n t s p i n s y s t e m , t h e c o r r e l a t i o n f u n c ­
t i o n , g Q k = g k , f rom Eq. ( 5 . 3 3 ) i s g i v e n by 
a !k =
 r<(Esa)2x(Zsa)2)": (7.77) 
But 
£s af = s V = S 2 ( 7 . 7 8 ) 
a B 
s i n c e , a s i s w e l l - k n o w n , S and S ( a f 3) a n t i c o m m u t e , i . e . 
S a S 3 + S P S a = 0 ( a 1 3 ) ( 7 . 7 9 ) 
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and 
< E S « < S X > = <V \> ( 7 . 8 0 ) 
a 3 
s i n c e , from Eq. ( 7 . 5 8 ) , 
<S«s£> = 0 ( a j i 3) ( 7 . 8 1 ) 
T h e r e f o r e , 
s k = S ( S + 1 ) ( 7 " 8 2 ) 
L e t t i n g t h e " K l e i n - T i s z a " c e l l b e e q u a l i n v o l u m e t o t h e u n i t c e l l o f 
t h e c r y s t a l , Eq. ( 7 . 8 2 ) b e c o m e s , f o r l a r g e R, from E q . ( 5 . 5 2 ) , 
4iTpr^ 
o r 
y ( R ) = S ( S + 9 1 ) ( 7 . 8 4 ) 
4 iTpr 1 
The s i n g l e s c a t t e r i n g c r i t i c a l m a g n e t i c DCS f o r t h e r m a l - n e u t r o n s 
s c a t t e r e d from a f e r r o m a g n e t s l i g h t l y a b o v e i t s C u r i e t e m p e r a t u r e now 
b e c o m e s , from E q s . ( 7 . 7 2 ) and ( 7 . 8 3 ) , 
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da ( 1 ) ( 7 . 8 5 ) 
N o t i c e t h a t t h e s i n g l e s c a t t e r i n g c r i t i c a l m a g n e t i c DCS h a s t h e same 
form a s t h e s i n g l e s c a t t e r i n g c r i t i c a l n u c l e a r DCS, Eq . ( 5 . 5 3 ) , and 
c a n b e o b t a i n e d f rom i t by t h e s i m p l e r e p l a c e m e n t o f 
I n f a c t , a s w i l l b e shown i n C h a p t e r V I I I , w i t h t h e a p p r o p r i a t e 
a p p r o x i m a t i o n s , t h e d o u b l e s c a t t e r i n g c r i t i c a l m a g n e t i c DCS c a n b e 
o b t a i n e d from t h e d o u b l e s c a t t e r i n g c r i t i c a l n u c l e a r DCS, Eq. ( 6 . 3 7 ) , 
by t h e same r e p l a c e m e n t g i v e n by ( 7 . 8 6 ) . 
The e l a s t i c n u c l e a r s c a t t e r i n g from f e r r o m a g n e t s o c c u r s a t t h e 
B r a g g p e a k s . H o w e v e r , i n p r a c t i c e , t h e r e i s no p r o b l e m , a t l e a s t i n 
t h e f o r w a r d d i r e c t i o n , i n s e p a r a t i n g t h i s s c a t t e r i n g from t h e i n e l a s t i c 
c r i t i c a l m a g n e t i c s c a t t e r i n g , w h i c h a l s o o c c u r s a r o u n d t h e B r a g g p e a k s . 
F o r s m a l l - a n g l e s c a t t e r i n g , t h e e l a s t i c n u c l e a r s c a t t e r i n g i s s h a r p l y 
p e a k e d i n t h e f o r w a r d (r = 0 ) d i r e c t i o n . E x p e r i m e n t a l l y , t h e r e i s a 
s m a l l - a n g l e l i m i t a t i o n i n m e a s u r i n g t h e c r i t i c a l m a g n e t i c c r o s s s e c t i o n 
d u e t o t h e p r e s e n c e o f t h e f o r w a r d n e u t r o n beam. T h i s s m a l l - a n g l e 
l i m i t a t i o n w i l l d e p e n d on t h e c o l l i m a t i o n o f t h e n e u t r o n beam and o t h e r 
e x p e r i m e n t a l f a c t o r s . I n an e x p e r i m e n t on i r o n by P a s s e l l , e t a l . , 
t h i s s m a l l - a n g l e l i m i t a t i o n was a p p r o x i m a t e l y 1 . 5 d e g r e e s . The e l a s t i c 
n u c l e a r s c a t t e r i n g i s o n l y a p p r e c i a b l e w e l l w i t h i n a n g l e s o f t h i s o r d e r ; 
t h u s , i t i s w h o l l y c o n t a i n e d w i t h i n t h e f o r w a r d beam. T h i s w i l l a l s o 
( 7 . 8 6 ) 
1 0 0 
b e t h e c a s e f o r e l a s t i c c r i t i c a l n u c l e a r s c a t t e r i n g f rom l i q u i d s , i . e . , 
i t w i l l b e w h o l l y c o n t a i n e d w i t h i n t h e f o r w a r d beam; t h u s , i t was 
j u s t i f i a b l y d r o p p e d from c o n s i d e r a t i o n i n C h a p t e r s V and V I . 
The e l a s t i c c r i t i c a l m a g n e t i c c r o s s s e c t i o n i s z e r o f o r f e r r o -
m a g n e t s a b o v e t h e i r C u r i e t e m p e r a t u r e , s i n c e ( S ) = 0 when T > T . 
I n t h e n e x t c h a p t e r , t h e c o n t r i b u t i o n o f d o u b l e s c a t t e r i n g t o t h e 
c r i t i c a l m a g n e t i c c r o s s s e c t i o n i s t r e a t e d . 
1 0 1 
CHAPTER V I I I 
a p p e a r i n g i n t h e g e n e r a l d o u b l e s c a t t e r i n g DDCS, Eq. ( 4 . 3 6 ) , i n t o 
p r o d u c t s o f p a i r c o r r e l a t i o n f u n c t i o n s , a s g i v e n i n Eq . ( 4 . 3 7 ) , c a n 
b e made f o r c r i t i c a l m a g n e t i c s c a t t e r i n g f o r t h e same r e a s o n s a s g i v e n 
i n C h a p t e r VI f o r c r i t i c a l n u c l e a r s c a t t e r i n g . F o r m a g n e t i c 
s c a t t e r i n g , a s was shown i n C h a p t e r V I I , t h e o p e r a t o r B^, Eq . ( 6 . 2 ) , 
t h 
i s e s s e n t i a l l y t h e H e i s e n b e r g s p i n o f t h e I a t o m . For a f e r r o m a g n e t 
s l i g h t l y a b o v e i t s C u r i e t e m p e r a t u r e , t h e mean v a l u e o f t h i s s p i n i s 
z e r o ; t h u s t h e r e i s no e l a s t i c m a g n e t i c s c a t t e r i n g and t h e f o u r B o p e r ­
a t o r d e c o m p o s i t i o n g i v e n by Eq. ( 4 . 3 7 ) b e c o m e s v i r t u a l l y e x a c t . 
The d e c o m p o s i t i o n o f t h e f o u r B o p e r a t o r c o r r e l a t i o n f u n c t i o n 
The d o u b l e s c a t t e r i n g DDCS f o r m a g n e t i c s c a t t e r i n g i s g i v e n by 
Eq. ( 4 . 4 7 ) , 
x M ^ V M - i , t - 1 , 
N l a b l A R T B 
CRITICAL MAGNETIC DOUBLE SCATTERING FROM FERROMAGNETS 
I n t h i s c h a p t e r , t h e d o u b l e s c a t t e r i n g c r o s s s e c t i o n f o r c r i t i c a l 
m a g n e t i c s c a t t e r i n g o f t h e r m a l - n e u t r o n s from a f e r r o m a g n e t s l i g h t l y 
a b o v e i t s C u r i e t e m p e r a t u r e i s o b t a i n e d and c o m p a r e d t o t h e s i n g l e 
s c a t t e r i n g c r o s s s e c t i o n o b t a i n e d i n C h a p t e r V I I . 
1 0 2 
2 2 
x ( k Z - k f + 
a I 
- 1 ( 8 . 1 ) 
w h e r e t h e d y n a m i c s t r u c t u r e f a c t o r , S a ( k ? , k . , 0 ) 0 , i s g i v e n by Eq . 
( 4 . 4 9 ) , 
S ^ V o O J ' d 
- i w ^ T 
< B a ( k 2 , 0 ) B 6 ( k 4 , T ) > ( 8 . 2 ) 
and t h e t a r g e t o p e r a t o r , B (k , T ) , i s g i v e n by E q s . ( 7 . 2 1 ) and ( 7 . 3 2 ) , 
B a ( k 2 , T ) 
a 
( 8 . 3 ) 
A s s u m i n g t h e f e r r o m a g n e t t o b e made up o f i d e n t i c a l a t o m s w i t h 
o n e a t o m p e r u n i t c e l l and n e g l e c t i n g n u c l e a r t h e r m a l m o t i o n s and 
e l e c t r o n i c e x c i t a t i o n s , t h e n , a s shown i n C h a p t e r V I I , b y a d o p t i n g t h e 
H e i s e n b e r g m o d e l f o r t h e e l e c t r o n i c s p i n s t a t e s , t h e d y n a m i c s t r u c t u r e 
f a c t o r c a n b e w r i t t e n a s 
I n Eq. ( 8 . 4 ) , t h e t a r g e t a v e r a g e i s o v e r i n i t i a l t a r g e t s p i n e i g e n s t a t e s 
o f t h e H e i s e n b e r g H a m i l t o n i a n , Eq . ( 7 . 5 1 ) , F ( k ) i s t h e m a g n e t i c a t o m i c 
- i k . -R 
4 n 
( 8 . 4 ) 
1 0 3 
form f a c t o r g i v e n by Eq. ( 7 . 5 2 ) , t h e sums o v e r j and n a r e o v e r t h e a t o m s 
o f t h e t a r g e t and P _ . ( k 2 , x ) i s g i v e n b y Eq. ( 7 . 4 7 ) , 
J1 (T) - k 2 [ l ( T ) • k j ( a P^(k2,x) H M ) - k 0 | S , ( x ) - kJP ( 8 . 5 ) 
•+ t h 
w h e r e i s t h e e f f e c t i v e H e i s e n b e r g s p i n o p e r a t o r o f t h e j a t o m . I n 
t h e QA, w h i c h i s a p p l i c a b l e f o r c r i t i c a l s c a t t e r i n g , 
r / *, \ 2 _ - i k »R. - i k » R 
V e / j , n 
x G ? ? ( £ j P * (k.)><5(oO ( 8 . 6 ) J 2 n 4 
S i m i l a r l y , 
2 - i t - 1 -ifc..* \ e ' £ ,m 
1 "£ ^~3 R m 
e 
x (P^(k1)P^(S3))5(w) ( 8 . 7 ) 
The n e u t r o n s p i n m a t r i x e l e m e n t s , M ^ 3 ^ , a p p e a r i n g i n t h e DDCS, 
Eq. ( 8 . 1 ) , a r e g i v e n by Eq. ( 4 . 4 8 ) , 
M ^ 6 - ( a i | a a a P | a f > < a f | a V | a . ) ( 8 . 8 ) 
w h e r e a i s g i v e n by Eq. ( 7 . 3 1 ) , 
1 0 4 
m
N
c N 
For an u n p o l a r i z e d n e u t r o n beam, summing o v e r f i n a l n e u t r o n s p i n s t a t e s 
and a v e r a g i n g o v e r i n i t i a l n e u t r o n s p i n s t a t e s y i e l d s f o r t h e s e m a t r i x 
e l e m e n t s 
U t i l i z i n g t h e i n v a r i a n c e o f t h e H e i s e n b e r g H a m i l t o n i a n t o s i m u l t a n e o u s 
r o t a t i o n s o f t h e s p i n s , Eq. ( 7 . 5 8 ) , a s t r a i g h t - f o r w a r d c a l c u l a t i o n , 
g i v e n i n A p p e n d i x V I , y i e l d s 
w h e r e 
f * ^ - > 1 4 4 I 
[ l + ( k 2 . k 4 ) 2 ] [ l + ( k 1 - k 3 ) 2 ] + ( k 2 . k 4 ) ( k 1 - k 3 ) ( k 2 x k 4 ) . ( k 1 x k 3 ) | 
( 8 . 1 2 ) 
From E q s . ( 8 . 6 ) , ( 8 . 7 ) and ( 8 . 1 1 ) , t h e d o u b l e s c a t t e r i n g m a g n e t i c 
DDCS b e c o m e s 
1 0 5 
d V 2 !
 =
 (_3SL\ I l i m
 p d 3 f 3 
dftdE. 4 I 2) h ^ O k . J a J S f \ m c / " i 
x f ( S - * , V S a ' V ^ b ' V J i ) F ( M a I ) F ( M f I ) F ( 1 M b I > F C | K b - K ± | > 
j £ m n 
- > - > - > - > - > - > - > - - > • - > • 
- i ( k . - k ) - R . - i ( k - k J - R n - i ( k - k J - R - i ( k , - k . ) - R 
l a j a f £ f i> m D i n 
x <s .-S ><S -S > ( k 2 - k 2 + i e ) 1 ( k 2 - k 2 - i e ) 1 6 ( o ) ) ( 8 . 1 3 ) j n ' £ m ' a I D I 
At t h i s p o i n t , t h e a s s u m p t i o n t h a t t h e s p i n s y s t e m i s t r a n s -
l a t i o n a l l y i n v a r i a n t w i l l b e m a d e . As d i s c u s s e d i n C h a p t e r VI w i t h i n 
t h e c o n t e x t o f c r i t i c a l n u c l e a r d o u b l e s c a t t e r i n g , t h i s a s s u m p t i o n 
i m p l i e s a h o m o g e n e i t y o f b u l k e f f e c t s and a n e g l e c t i o n o f b o u n d a r y 
e f f e c t s , y e t a r e t e n t i o n o f t h e f i n i t e n a t u r e o f t h e t a r g e t w h i c h i s 
c r u c i a l t o m u l t i p l e s c a t t e r i n g . A s s u m i n g h o m o g e n e o u s b u l k e f f e c t s f o r 
t h e s p i n s y s t e m i m p l i e s t h a t ( S . - S ^ ) w i l l d e p e n d o n l y on t h e r e l a t i v e 
s e p a r a t i o n b e t w e e n s p i n s , i . e . , 
$ \ ) . < v % - t > = < V % > ( 8 - 1 A ) 
n j p 
w h e r e R = R - R. . The sums o v e r j and n i n Eq . ( 8 . 1 3 ) now b e c o m e , 
p n j 
l e t t i n g R = R + R . , t h e n r e p l a c i n g R w i t h R , 
n p j ' * & p n 
1 0 6 
-±(k.-t )-R. - i ( T - { . ) - R 
E e 1 a J e ^ 1 n < ? . - ? 
J N 
^ - i ( k . - £ ) • ! - i ( L - L ) - ( R + 1 ) ^ . 
j ,P 1 
i ( k -T )-R. - i ( k , - k . ) - R ^ ^ 
V a b j b i n
 N 
j , n n 
N e g l e c t i n g b o u n d a r y e f f e c t s i m p l i e s t h a t t h e j and n sums a r e i n d e p e n ­
d e n t o f e a c h o t h e r , and r e t a i n i n g t h e f i n i t e n a t u r e o f t h e t a r g e t i m p l i e s 
t h a t t h e j and n sums s t i l l go from o n e t o N. S i m i l a r l y , t h e sums o v e r 
£ and m i n Eq. ( 8 . 1 3 ) b e c o m e , l e t t i n g R„ = R - R , t h e n r e p l a c i n g R 
£ m q m 
-> -> -> 
w i t h R„ and R w i t h R , 
£ q m 
- i ( k - k £ ) - R „ - i ( k £ - k ) - R ^ 
E e a f 1 e f ^ m < \ - 1 M ) 
£,m 
L e e < S 0 . S j ) 
£ ,m m 
( 8 . 1 6 ) 
M a t h e m a t i c a l l y , t h e e q u a l i t y s i g n s h o l d i n E q s . ( 8 . 1 5 ) and ( 8 . 1 6 ) o n l y 
f o r a t r u l y i n f i n i t e t a r g e t ; i n w h i c h c a s e , f o r s m a l l - a n g l e s c a t t e r i n g , 
t h e sums o v e r j and £ g i v e z e r o u n l e s s \ = "k\ and a l l t a r g e t g e o m e t r y , 
3. D 
w h i c h i s i n h e r e n t i n d o u b l e s c a t t e r i n g from f i n i t e t a r g e t s , i s l o s t . 
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However, for small-angle scat ter ing from macroscopic t a r g e t s , the sums 
over j and Z s t i l l g ive zero unless | ^ - IcJ < I \ where I represents 
a l inear dimension of the targe t . Thus, for thermal-neutrons 
and Eqs. (8 .15) and (8.16) represent physical e q u a l i t i e s . 
The integrat ions over and k^ in Eq. (8.13) are now performed, 
Before doing so, however, Eq. (8.17) i s used to s impli fy the factor f 
in Eq. ( 8 . 1 3 ) , which i s a much more slowly varying function of k and 
a 
k^ than the exponential f a c t o r s . Thus, from Eq. (8.12) 
f ( k - l L , k . - k , k - £ , £ - £ . ) ^ f ( k - k r , k . - k , l L - k , k - k . ) = \r (8 .18) 
a t i a r b b i a f i a r a a i J o 
Using Eqs. ( 8 . 1 5 ) , (8.16) and (8.18) and the e x p l i c i t form for the form 
factor F, Eq. ( 7 . 5 2 ) , the k and k, integrat ions in Eq. (8.13) are 
a b 
e a s i l y evaluated using the methods of complex contour integrat ion and 
y i e l d for the double sca t ter ing magnetic DDCS, 
2 (2) . / 2\4 k. ~ ~ ~ ~ 
f
 \ m e c / 1 
->-> ->-> ->-> 
- ik_*u 1 i k . ' U . ik *u 0 - i k . * u . 
x e e e e 4(u )4(u )^(u )^(u ) 
1 0 8 
j £ran 
i k . - R - i k -R i n f m 
e e 
- i k . R -R . -R - u + u _ i 1 £ i m 1 2 
I - > - > - > - > - > I R -R. -R - u n + u 0 1
 £ j m 1 2 1 
i -> -> -> -> -> i k . R - R . - R -u„+u. 
l 1 £ j n 3 4 
I - > - > - > - > - > I R - R . - R -u_+u. £ j n 3 4 1 <sQ-s5 ){SN-ST > m 
0 R ( 8 . 1 9 ) 
S i n c e R and R appear i n the s p i n c o r r e l a t i o n f u n c t i o n s , they 
m n 
are r e s t r i c t e d t o m i c r o s c o p i c d i s t a n c e s by the s p i n c o r r e l a t i o n range , 
K , i . e . , R £ K _ \ A l s o , t h e u v e c t o r s a r e r e s t r i c t e d by the normal-
1 m l 
i z e d s p i n d e n s i t y f u n c t i o n s , -6 ( u ) , which are of m i c r o s c o p i c range . 
T h e r e f o r e , s i n c e R and R. are f r e e t o range over t h e e n t i r e t a r g e t 
which i s of macroscop ic d i m e n s i o n s , the overwhelming c o n t r i b u t i o n s to 
t h e sums over j , £ come when 
IR.-R. I > » R ,R ,u ( 8 . 2 0 ) 
£ 2 m n Thus, 
R 0 -R . -R - u + u 0 | = R -R -(R + u , - u 0 ) ( 8 . 2 1 ) £ j m 1 2 1 £j £j m 1 2 
v y w ^ i - R « r V ( R n + v V (8-2) 
where R = R - R. and R = R /R . The e x p o n e n t i a l terms i n Eq. £j £ J £j £j £j 
( 8 . 1 9 ) become 
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i -> -> -> -> -> 
•ik. R -R.-R -u.+u„ 
1 1 £ j m l 2 
i -> -> -> -> -> i R -R.-R - u 1 + u 0 
' £ j m l 2 1 
- i k R . iq> (R +u - u 0 ) i £i m 1 2 
a, e e ( 8 . 2 3 ) 
R 
ik. R -R.-R -u-+u. ik.R„. - i q « ( R + u - u . ) 
i 1 £ j n 3 4 1 i £ j n 3 4 
i -> -> -> -> -> i R -R.-R -u„+u. R 0 . 
1
 £ j n 3 4 £j 
^ - ( 8 . 2 4 ) 
where 
« •
 k i \ j ( 8 - 2 5 ) 
represents the wave vector of magnitude k. along the d irect ion R . . 
1 Jo J 
-> -> Ident i fy ing R. as locat ing the f i r s t sca t ter ing event and R as locat ing 
J ^ 
the second sca t ter ing event, q i s the intermediate wave vector of the 
neutron between scat ter ing events . 
Integrating Eq. (8.19) over to obtain the DCS, using Eqs. 
(8.23) and (8.24) and l e t t i n g the sums over j , £, m and n go over to 
i n t e g r a l s , retaining only the x = 0 reciprocal l a t t i c e vector for small-
angle s c a t t e r i n g , the double sca t ter ing magnetic DCS i s 
x F ( | k . - q | ) | 2 | F ( | q - k f | ) | 2 y ( k . - q ) y ( q - k f ) (8.26) 
1 1 0 
w h e r e 
yC^) = j d 3 y ( r ) ( 8 . 2 7 ) r e 
i s t h e F o u r i e r t r a n s f o r m o f y ( r ) , 
Y ( r ) = < S 0 ' % > ( 8 . 2 8 ) 
i s t h e s p i n - s p i n c o r r e l a t i o n f u n c t i o n and t h e c h a n g e o f i n t e g r a t i o n 
->-
v a r i a b l e s R . R , R „ . R"* h a s b e e n m a d e . The l i m i t s o f i n t e g r a t i o n on 
J 
-> -> 
R"* s t i l l g o o v e r t h e t a r g e t b u t now d e p e n d on R . 
U s i n g t h e OZ c o r r e l a t i o n f u n c t i o n f o r y ( r ) , Eq. ( 7 . 8 4 ) , t h e 
d o u b l e s c a t t e r i n g c r i t i c a l m a g n e t i c DCS, Eq . ( 8 . 2 6 ) b e c o m e s 
F ( | 1 4 l ) l 2 | r ( | ^ k f | ) | 2 [ | 1 4 l 2 + < 2 ] _ 1 [ | ^ f | 2 + < 2 ] 
- 1 
( 8 . 2 9 ) 
Remember ing t h a t q d e p e n d s o n R*"', i t b e c o m e s e v i d e n t t h a t t h e m a g n e t i c 
d o u b l e s c a t t e r i n g d e p e n d s on t a r g e t g e o m e t r y . Now, u s i n g Eq. ( 8 . 2 5 ) 
I l l 
f o r q , t h e m a g n i t u d e s o f t h e i n t e r m e d i a t e w a v e v e c t o r t r a n s f e r s a r e 
k \ - q | = 2 k ± s i n ( 8 . 3 0 ) 
| q - k f | = 2 k ± s i n ( 8 . 3 1 ) 
w h e r e 0^ and 0^ a r e t h e i n t e r m e d i a t e s c a t t e r i n g a n g l e s f i r s t i n t r o d u c e d 
i n C h a p t e r V I . As t h e C u r i e t e m p e r a t u r e i s a p p r o a c h e d , -> 0 and t h e 
DCS, Eq. ( 8 . 2 9 ) , i s v e r y s h a r p l y p e a k e d a r o u n d 0^ = 0^ = 0 . T h e r e f o r e , 
from E q s . ( 8 . 3 0 ) and ( 8 . 3 1 ) , t h e form f a c t o r s a p p e a r i n g i n t h e DCS, 
Eq. ( 8 . 2 9 ) , a r e , t o a g o o d a p p r o x i m a t i o n , 
F ( | k \ - q | ) = F ( 0 ) = 1 ( 8 . 3 2 ) 
F ( q - k f ) * F ( 0 ) = 1 ( 8 . 3 3 ) 
s i n c e F i s a s l o w l y v a r y i n g f u n c t i o n o f i t s a r g u m e n t and i s n o r m a l i z e d 
t o u n i t y . From E q s . ( 8 . 3 2 ) and ( 8 . 3 3 ) , t h e d o u b l e s c a t t e r i n g c r i t i c a l 
m a g n e t i c DCS, Eq. ( 8 . 2 9 ) b e c o m e s 
f
( 2 )
=
4 { | s ( s + 1 ) ( 4 ) T ; d 3 R j . d W - 2 
r l ( V V > ) V <R> 
1 1 2 
T h i s DCS c a n b e o b t a i n e d from t h e d o u b l e s c a t t e r i n g i n e l a s t i c 
DCS f o r c r i t i c a l n u c l e a r s c a t t e r i n g o f n e u t r o n s from l i q u i d s , E q s . ( 6 . 3 1 ) 
and ( 6 . 3 2 ) , b y t h e s i m p l e r e p l a c e m e n t o f t h e n u c l e a r s c a t t e r i n g l e n g t h 
w i t h t h e a p p r o p r i a t e m a g n e t i c s c a t t e r i n g l e n g t h , i . e . , 
a
2
 + | s ( S + l ) ( - ^ 2 ) ( 8 - 3 5 > 
\ m e c / 
T h e r e f o r e , f o l l o w i n g t h e same a n a l y s i s a s p r e s e n t e d i n C h a p t e r V I , from 
Eq. ( 6 . 3 7 ) , t h e d o u b l e s c a t t e r i n g c r i t i c a l m a g n e t i c DCS i s 
f ( 2 ^ ^ | l s ( s + 1 ) ^ T G ( k l ) e s > K l ) 
w h e r e <£) i s g i v e n by Eq. ( 6 . 3 6 ) and G i s g i v e n by E q s . ( 6 . 3 8 ) - ( 6 . 4 0 ) . 
The c o m b i n e d s c a t t e r i n g c r o s s s e c t i o n , s i n g l e p l u s d o u b l e , from E q s . 
( 7 . 8 5 ) and ( 8 . 3 6 ) i s g i v e n by 
d 0 d „ ( D , - ( 2 ) , . ( 1 ) 
w h e r e , now, t h e d o u b l e s c a t t e r i n g p a r a m e t e r 3 i s g i v e n by 
B . 2 , < £ ) p S ( S + l ) / geiy
 (838) 
3 k i r l \ m e C / 
1 1 3 
and H ( x ) i s g i v e n b y Eq. ( 6 . 4 4 ) . 
I n t h e n e x t c h a p t e r , e s t i m a t e s o f t h e c r i t i c a l m a g n e t i c d o u b l e 
s c a t t e r i n g c o n t r i b u t i o n t o t h e c r o s s s e c t i o n a r e o b t a i n e d f o r a c t u a l 
e x p e r i m e n t s p e r f o r m e d . 
1 1 4 
CHAPTER IX 
NUMERICAL RESULTS FOR CRITICAL MAGNETIC DOUBLE SCATTERING 
AND COMPARISON WITH FISHER'S MODIFICATION TO THE 
ORNSTEIN-ZERNIKE THEORY 
I n t h i s c h a p t e r , n u m e r i c a l e s t i m a t e s a r e made f o r t h e d o u b l e 
s c a t t e r i n g c o n t r i b u t i o n t o t h e c r i t i c a l m a g n e t i c c r o s s s e c t i o n u s i n g 
r e l e v a n t p a r a m e t e r s from a c t u a l c r i t i c a l s c a t t e r i n g e x p e r i m e n t s p e r ­
formed on v a r i o u s f e r r o m a g n e t s . I n a d d i t i o n , F i s h e r ' s m o d i f i c a t i o n 7 
t o t h e O r n s t e i n - Z e r n i k e t h e o r y i s c o n s i d e r e d and v a l u e s f o r t h e c r i t i c a l 
e x p o n e n t n a r e o b t a i n e d w h i c h , when u s e d i n t h e f i r s t Born s c a t t e r i n g 
a p p r o x i m a t i o n , r e p r o d u c e t h e e f f e c t o f d o u b l e s c a t t e r i n g . 
N u m e r i c a l R e s u l t s f o r C r i t i c a l M a g n e t i c D o u b l e S c a t t e r i n g 
B e f o r e any n u m e r i c a l r e s u l t s f o r c r i t i c a l m a g n e t i c d o u b l e s c a t ­
t e r i n g a r e p o s s i b l e , t h e m a g n i t u d e o f t h e OZ " d i r e c t c o r r e l a t i o n l e n g t h , " 
r ^ , m u s t b e d e t e r m i n e d . From Eq. ( 5 . 5 0 ) , r^ i s g i v e n i n t e r m s o f t h e 
s e c o n d moment o f t h e d i r e c t c o r r e l a t i o n f u n c t i o n , a s h o r t - r a n g e d f u n c t i o n 
w h o s e form d e p e n d s on t h e H a m i l t o n i a n , Eq. ( 7 . 5 1 ) . From m e a n - f i e l d 
27 
t h e o r y , r^ c a n b e d e t e r m i n e d and i s g i v e n i n t e r m s o f J ( R ) , t h e 
e x c h a n g e e n e r g y i n Eq. ( 7 . 5 1 ) , 
X > J ( R ) 
2 ( 9 . 1 ) r 1 
R 
1 1 5 
T h u s , c o n s i d e r i n g n e a r e s t - n e i g h b o r i n t e r a c t i o n s o n l y , 
( 9 . 2 ) 
w h e r e i s t h e n e a r e s t - n e i g h b o r d i s t a n c e . 
U s i n g Eq. ( 9 . 2 ) and r e l e v a n t p a r a m e t e r s f rom an e x p e r i m e n t on 
26 
i r o n by P a s s e l l , e t a l . , t h e d o u b l e s c a t t e r i n g c r i t i c a l m a g n e t i c DCS 
p e r t a r g e t a t o m , o b t a i n e d from Eq. ( 8 . 3 6 ) , i s p l o t t e d i n F i g u r e 2 . 
A l s o p l o t t e d i s t h e s i n g l e s c a t t e r i n g c r i t i c a l m a g n e t i c DCS p e r t a r g e t 
a t o m , o b t a i n e d from Eq. ( 7 . 8 5 ) . A l t h o u g h , from t h i s f i g u r e , t h e 
d o u b l e s c a t t e r i n g a p p e a r s t o b e n e g l i g i b l e , i t d o e s a l t e r t h e L o r e n t z i a n 
l i n e s h a p e p r e d i c t e d b y t h e f i r s t Born a p p r o x i m a t i o n . 
I n T a b l e 1 a r e g i v e n t h e o r e t i c a l v a l u e s f o r t h e d o u b l e s c a t t e r i n g 
p a r a m e t e r 6 , Eq. ( 8 . 3 8 ) , f o r a c t u a l c r i t i c a l m a g n e t i c s c a t t e r i n g e x p e r i ­
m e n t s p e r f o r m e d on v a r i o u s f e r r o m a g n e t s . 
F i s h e r ' s M o d i f i c a t i o n t o t h e O r n s t e i n - Z e r n i k e T h e o r y 
As shown i n C h a p t e r s V and V I I , t h e OZ t h e o r y p r e d i c t s t h a t t h e 
c o r r e l a t i o n f u n c t i o n , y ( R ) > n e a r t h e C u r i e t e m p e r a t u r e and f o r l a r g e R 
g o e s l i k e 
Y ( R ) ^ f ( 9 . 3 ) 
T h e r e f o r e , t h e f i r s t Born o r s i n g l e s c a t t e r i n g DCS, w h i c h d e p e n d s on 
t h e F o u r i e r t r a n s f o r m o f y ( R ) > Eq. ( 7 . 7 2 ) , g o e s l i k e 
1 1 6 
d a ( 1 ) 1
 =
 1 _ 1 , . 
dfi \ 2 ^ 2 2 1 u 2 
1 K l X 
T h u s , f rom Eq. ( 9 . 4 ) , a p l o t o f t h e i n v e r s e o f t h e s i n g l e s c a t t e r i n g 
2 
DCS v e r s u s x , a n O r n s t e i n - Z e r n i k e - D e b y e (OZD) p l o t , s h o u l d b e l i n e a r . 
H o w e v e r , e x p e r i m e n t a l OZD p l o t s f o r c r i t i c a l l i g h t s c a t t e r i n g from 
28 2 
l i q u i d s d i s p l a y a s m a l l downward c u r v a t u r e f o r s m a l l x , t h u s i n d i ­
c a t i n g a n o n - L o r e n t z i a n l i n e s h a p e f o r t h e DCS. F i s h e r i n t e r p r e t e d 
t h e s e e x p e r i m e n t a l r e s u l t s a s an i n d i c a t i o n o f t h e f a i l u r e o f t h e OZ 
t h e o r y . He p r o p o s e d a m o d i f i c a t i o n t o t h e OZ t h e o r y b y i n t r o d u c i n g a 
new c r i t i c a l e x p o n e n t , n , i n t h e c o r r e l a t i o n f u n c t i o n , Eq. ( 9 . 3 ) , 
- K R 
Y(R) = A ( n ) ( 9 . 5 ) 
R 
and e s t i m a t e d n t o b e l e s s t h a n 0 . 1 , and p r o b a b l y n := 0 . 0 5 . T h i s n -
m o d i f i e d c o r r e l a t i o n f u n c t i o n , when u s e d t o o b t a i n t h e s i n g l e s c a t t e r i n g 
2 
DCS, d o e s i n d e e d p r o d u c e t h e d e s i r e d downward c u r v a t u r e f o r s m a l l x 
i n a n OZD p l o t . 
The p o s s i b i l i t y o f m u l t i p l e ( d o u b l e ) s c a t t e r i n g e f f e c t s a l t e r i n g 
t h e L o r e n t z i a n l i n e s h a p e o f t h e s i n g l e s c a t t e r i n g DCS, t h u s p r o d u c i n g 
a n o n - l i n e a r OZD p l o t and g i v i n g r i s e t o an a p p a r e n t , d o u b l e s c a t t e r i n g 
29 
i n d u c e d n , h a s b e e n r e c e n t l y i n v e s t i g a t e d b y O x t o b y and G e l b a r t i n 
c o n n e c t i o n w i t h l i g h t s c a t t e r i n g f rom l i q u i d s . An OZD p l o t o f E q . 
( 8 . 3 7 ) , w h i c h i n c l u d e s b o t h s i n g l y and d o u b l y s c a t t e r e d n e u t r o n s , f o r 
i r o n u s i n g t h e e x p e r i m e n t a l p a r a m e t e r s o f R e f . 26 i s shown i n F i g u r e 3 , 
117 
and a d e f i n i t e downward c u r v a t u r e i s n o t i c e a b l e . T h i s c u r v a t u r e i s 
d i f f i c u l t t o d e t e c t i n e x p e r i m e n t a l n e u t r o n w o r k i n f e r r o m a g n e t s o w i n g 
t o t h e s m a l l - a n g l e l i m i t a t i o n s d i s c u s s e d i n C h a p t e r V I I . For e x a m p l e , 
2 
t h e minimum v a l u e f o r x i n F i g u r e 3 o b t a i n e d by P a s s e l l , e t a l . , 
c o r r e s p o n d s t o x^ = 4 . 5 . 
To o b t a i n v a l u e s o f an a p p a r e n t n d u e t o d o u b l e s c a t t e r i n g 
e f f e c t s , t h e c o e f f i c i e n t A ( n ) i n Eq . ( 9 . 5 ) i s d e t e r m i n e d b y r e q u i r i n g 
t h a t 
J d 3 R y ( R ) = J* d 3 R
 Y ( R ) ( 9 . 6 ) 
w h e r e y ( R ) i s g i v e n by Eq . ( 7 . 8 4 ) . T h i s y i e l d s f o r A ( n ) , 
A ( n ) , s ( s + i j K i ^ ( 9 7 ) 
4?rpr 1 
30 
w h e r e r i s t h e f a m i l i a r gamma f u n c t i o n . I n s e r t i n g t h e r | - m o d i f i e d 
c o r r e l a t i o n f u n c t i o n , y , Eq. ( 9 . 5 ) , i n t o t h e s i n g l e s c a t t e r i n g DCS, Eq . 
31 
( 7 . 7 2 ) , g i v e s t h e r i - m o d i f i e d s i n g l e s c a t t e r i n g DCS 
dft 
r ( l - n ) 
r ( 2 - n ) 
s i n [ ( 1 - n ) t a n ^"x] 
2 
( 9 . 8 ) 
w h e r e 
1 1 8 
D = | S ( S + 1 ) \ \ ( 9 - 9 ) 
r l \ m e c / K l 
N e g l e c t i n g t h e n d e p e n d e n c e i n t h e gamma f u n c t i o n s and i n t h e s i n e 
f u n c t i o n y i e l d s 
& D 
dfi l - n / 2 
[ 1 + x Z ] 
( 9 . 1 0 ) 
s i n c e 
R ( L ) = R ( 2 ) = 1 ( 9 . 1 1 ) 
and 
s i n [ t a n \ \ = 2 L _ _ ( 9 . 1 2 ) 
( 1 + 0 
E q u a t i o n ( 9 . 1 0 ) i s t h e f a m i l i a r form f o r t h e N - m o d i f i e d D C S f i r s t g i v e n 
by F i s h e r . 
(Jo-R e t u r n i n g t o Eq. ( 9 . 8 ) and a s s u m i n g t h a t N i s s m a l l , - 7 — c a n b e 
ail 
e x p a n d e d i n t e r m s o f p o w e r s o f N by n o t i n g t h a t 
R ( 2 - N ) = ( L - N ) R ( I - N ) ( 9 . 1 3 ) 
s i n c e 
1 1 9 
r ( i+z ) = z r ( z ) . ( 9 . 1 4 ) 
T h e r e f o r e , 
1 ^ = ^ = 1 + , + . 2 + - (9-15) 
A l s o , 
s i n [ ( l - r i ) t a n ~^x] = s i n [ t a n "Sx] c o s [ n t a n ^~x[ 
( 1 + x ) 
- 1 - 1 
- s i n [ n t a n x ] c o s [ t a n x ] 
t a n x 2 ( t a n x ) 
2 S ^ ) x 2 
( 9 . 1 6 ) 
and 
* £ n ( l + x 2 ) 
= e 
= 1 + F £ n ( l + x 2 ) + I ^n(l+x 2 )J + . . . ( 9 . 1 7 ) 
From E q s . ( 9 . 1 5 ) , ( 9 . 1 6 ) and ( 9 . 1 7 ) , and r e t a i n i n g o n l y t e r m s l i n e a r 
i n n , t h e n - m o d i f i e d DCS, Eq. ( 9 . 8 ) , b e c o m e s 
1 2 0 
f = f [ l + nJ(x)] ( 9 . 1 8 ) 
d G ( l ) 
w h e r e — i s g i v e n by Eq. ( 7 . 8 5 ) and 
J ( x ) = 1 - x ^ a n "Sc + - | £ n ( l + x 2 ) ( 9 . 1 9 ) 
Now, e q u a t i n g Eq. ( 9 . 1 8 ) t o t h e DCS c o n t a i n i n g b o t h s i n g l e and d o u b l e 
s c a t t e r i n g , Eq. ( 8 . 3 7 ) , a d o u b l e s c a t t e r i n g i n d u c e d n i s o b t a i n e d , 
n = K(x)3 ( 9 . 2 0 ) 
w h e r e 
K(x) E Sgl ,
 (9.21) 
H ( x ) g i v e n by Eq. (6.44). The f u n c t i o n K ( x ) i s p l o t t e d i n F i g u r e 4. 
As T •> T^, f o r a f i x e d , n o n - z e r o s c a t t e r i n g a n g l e , x °°. I n t h i s 
l i m i t , 
n = 43 ( x + o o ) ( 9 . 2 2 ) 
T h e r e f o r e , f o r an e x p e r i m e n t p e r f o r m e d i n t h i s r e g i o n , an a p p a r e n t n , 
i n d u c e d from d o u b l e s c a t t e r i n g , o f 0 . 0 5 o r g r e a t e r w o u l d r e s u l t f o r 
e x p e r i m e n t a l c o n d i t i o n s w h e r e 3 ^ 0 . 0 1 2 5 . The f u n c t i o n K ( x ) h a s a 
1 2 1 
minimum o f 2 . 5 a t x = 2 ; t h e r e f o r e , t h i s w o u l d b e t h e o p t i m a l r e g i o n t o 
p r o b e e x p e r i m e n t a l l y i n s e a r c h f o r a r e a l n . H o w e v e r , e v e n a t x = 2 , 
e x p e r i m e n t s f o r w h i c h 3 ^ 0 . 0 2 w i l l p r o d u c e a n a p p a r e n t n ^ 0 . 0 5 . 
I n T a b l e 1 a r e g i v e n t h e v a l u e s f o r n e x p e r i m e n t a l l y m e a s u r e d i n 
c r i t i c a l m a g n e t i c s c a t t e r i n g e x p e r i m e n t s p e r f o r m e d on v a r i o u s f e r r o -
m a g n e t s . Comparing t h e s e v a l u e s f o r n w i t h t h e c o r r e s p o n d i n g v a l u e s f o r 
3 , f rom Eq. ( 9 . 2 0 ) i t b e c o m e s e v i d e n t t h a t t h e d e v i a t i o n s i n L o r e n t z i a n 
l i n e s h a p e p r o d u c e d by d o u b l e s c a t t e r i n g c a n c o m p e t e w i t h s i m i l a r l i n e 
s h a p e d e v i a t i o n s p r e d i c t e d b y t h e n - m o d i f i e d OZ c o r r e l a t i o n f u n c t i o n . 
I n t h e n e x t c h a p t e r , i t i s shown t h a t by r e s t r i c t i n g t h e r a n g e 
o f a p p l i c a b i l i t y o f t h e f o r m a l i s m i n C h a p t e r s I I I and IV from t h e o u t s e t 
t o c r i t i c a l s c a t t e r i n g , G l a u b e r ' s h i g h e n e r g y a p p r o x i m a t i o n c a n b e u s e d 
t o p r o v i d e a much s i m p l e r and more p o w e r f u l d e s c r i p t i o n o f m u l t i p l e 
s c a t t e r i n g e f f e c t s . 
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X = kje s K i 1 
F i g u r e 2 . T h e o r e t i c a l S i n g l e and D o u b l e S c a t t e r i n g C r o s s S e c t i o n s U s i n g 
R e l e v a n t P a r a m e t e r s f rom a n E x p e r i m e n t o n Fe by P a s s e l l , e t a l . 
( E x p e r i m e n t a l l y p r o b e d r e g i o n c o r r e s p o n d s t o 2 . 1 < x < 3 . 9 . ) 
1 2 3 
i 
0 1 2 3 4 5 6 7 8 9 1 0 11 1 2 1 3 1 4 1 5 1 6 
x 2 = (kje s^y 
F i g u r e 3 . T h e o r e t i c a l OZD P l o t s o f S i n g l e S c a t t e r i n g and S i n g l e - P l u s -
D o u b l e S c a t t e r i n g C r o s s S e c t i o n s U s i n g R e l e v a n t P a r a m e t e r s 
from an E x p e r i m e n t on Fe by P a s s e l l , e t a l . ( E x p e r i m e n t a l l y 
2 
p r o b e d r e g i o n c o r r e s p o n d s t o 4 . 5 < x < 1 5 . 2 . ) 
'Xi 'Xi 
1 2 4 
2 0 
1 5 
1 0 
0 
I I I I I 
l i m K ( X ) = 
I I 
C O 
I 
x - ~ o 
l i m K ( X ) = 4 
— 
X ~ 0 0 
— 
m m 
a t X = 2 . 1 
— — 
I I I I I I 
0 
X = k ^ 1 
8 
F i g u r e 4 . F u n c t i o n K ( x ) A p p e a r i n g i n Eq. ( 9 . 2 1 ) V e r s u s x . 
T a b l e 1. E x p e r i m e n t a l P a r a m e t e r s and T h e o r e t i c a l 3 V a l u e s f o r S e v e r a l E x p e r i m e n t s 
on M a g n e t i c S c a t t e r i n g o f N e u t r o n s from F e r r o m a g n e t s . 
Sample k.cr1) T a r g e t s i z e : T h i c k n e s s (mm) E x p e r i m e n t a l r a n g e o f x 3 E x p e r i m e n t a l n 
F e b 1.47 1.01 12 
4.3 
0.35 ^ x $ 3.9 0 
0 
.032 
.012 
c 
c 
F e d 5.03 1.01 2.5 0.2 ^ x ^ 4.0 0 .00058 0.07 ±0.05 
EuO 6 4.30 1.48 <1 0.1 ^ x £ 5.4 0 .00035 -0 .10 $ n £ o.06 f 
E u S 6 4.30 1.72 <1 0.35 ^ x £ 3.5 0 .00017 -0 .07 < n * o . n f 
a T h e o r e t i c a l l y d e t e r m i n e d from Eq. (9.2). 
b R e f e r e n c e 26. 
c C u r v e s w i t h n = 0.10, 0.15 and 0.20 f i t t e d e x p e r i m e n t a l c u r v e a b o u t a s w e l l a s c u r v e w i t h 
n = 0. 
d R e f e r e n c e 32. 
e R e f e r e n c e 33. 
f n d e t e r m i n e d by s c a l i n g r e l a t i o n : n = 2 - —. 
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CHAPTER X 
From c o n d i t i o n (10 .1 ) , o n e w o u l d e x p e c t t h a t t h e p r o b e p a r t i c l e ' s e n e r g y 
THERMAL-NEUTRON CRITICAL MULTIPLE SCATTERING 
VIA THE GLAUBER APPROXIMATION 
I n t h i s c h a p t e r , i t i s shown t h a t by r e s t r i c t i n g t h e r a n g e o f 
a p p l i c a b i l i t y o f t h e m u l t i p l e s c a t t e r i n g t h e o r y p r e s e n t e d i n C h a p t e r s 
I I I and IV from t h e o u t s e t t o c r i t i c a l s c a t t e r i n g , G l a u b e r ' s h i g h 
g 
e n e r g y a p p r o x i m a t i o n c a n b e u s e d t o p r o v i d e a much s i m p l e r and more 
p o w e r f u l d e s c r i p t i o n o f m u l t i p l e s c a t t e r i n g e f f e c t s . 
The G l a u b e r A p p r o x i m a t i o n 
The G l a u b e r h i g h e n e r g y a p p r o x i m a t i o n (GA) i s a p p l i c a b l e f o r 
t h o s e s c a t t e r i n g c o n d i t i o n s w h e r e t h e e n e r g y o f t h e i n c i d e n t p r o b e p a r ­
t i c l e , E^, i s much g r e a t e r t h a n t h e a b s o l u t e m a g n i t u d e o f t h e i n t e r a c ­
t i o n , | 4> | , i . e . , 
« < i (10.1) 
i 
and t h e r a n g e o f t h e i n t e r a c t i o n , £ , i s much g r e a t e r t h a n t h e m a g n i t u d e 
o f t h e i n v e r s e wave v e c t o r o f t h e i n c i d e n t p r o b e p a r t i c l e , k i . e . , 
k ± £ » > 1 (10.2) 
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w o u l d c h a n g e v e r y l i t t l e i n t h e s c a t t e r i n g p r o c e s s , i . e . , t h e s c a t t e r ­
i n g i s p r e d o m i n a n t l y q u a s i e l a s t i c . A l s o , c o n s i d e r i n g t h e u n c e r t a i n t y 
p r i n c i p l e , i . e . , 
H ^ 1 ( 1 0 . 3 ) 
w h e r e k i s t h e p r o b e ' s w a v e v e c t o r t r a n s f e r , i . e . , k = 2k^ s i n 
( s i n c e t h e s c a t t e r i n g i s q u a s i e l a s t i c ) , f rom c o n d i t i o n ( 1 0 . 2 ) , o n e 
w o u l d e x p e c t t h e s c a t t e r i n g t o b e h i g h l y p e a k e d i n t h e f o r w a r d d i r e c ­
t i o n , s i n c e from ( 1 0 . 2 ) and ( 1 0 . 3 ) , 
° Q 1 
s i n - A ^ —^— « < 1 ( 1 0 . 4 ) 
2 2k £ 
T h e s e two c o n d i t i o n s n e c e s s a r y f o r t h e a p p l i c a b i l i t y o f t h e GA, i . e . , 
q u a s i e l a s t i c and s m a l l - a n g l e s c a t t e r i n g , a r e w e l l s a t i s f i e d f o r t h e r m a l -
n e u t r o n c r i t i c a l s c a t t e r i n g . T h u s , i t a p p e a r s t h a t t h e GA i s a p p l i c a b l e 
t o t h e r m a l - n e u t r o n c r i t i c a l s c a t t e r i n g . 
T h a t t h i s i s t h e c a s e may n o t b e o b v i o u s when a p p l y i n g c o n d i t i o n s 
( 1 0 . 1 ) and ( 1 0 . 2 ) d i r e c t l y t o t h e r m a l - n e u t r o n c r i t i c a l s c a t t e r i n g . For 
e x a m p l e , o n e m i g h t e x p e c t t h a t c o n d i t i o n ( 1 0 . 1 ) w o u l d n o t b e s a t i s f i e d 
- 3 - 1 
f o r t h e r m a l - n e u t r o n s , due t o t h e i r l o w e n e r g y c o n t e n t , ^ 10 - 10 
eV a n d , t h a t c o n d i t i o n ( 1 0 . 2 ) w o u l d n o t b e s a t i s f i e d f o r n u c l e a r s c a t ­
t e r i n g o f t h e r m a l - n e u t r o n s , s i n c e t h e i n t e r a c t i o n , t h e F e r m i - p s e u d o 
p o t e n t i a l , e s s e n t i a l l y h a s a r a n g e o f z e r o . H o w e v e r , t h e t h e r m a l - n e u t r o n 
s c a t t e r i n g c o n s i d e r e d h e r e i s f rom m a c r o s c o p i c t a r g e t s and t h e n e u t r o n 
1 2 8 
" f e e l s ' t h e e f f e c t s o f many t a r g e t a t o m s ( r e g a r d l e s s o f w h e t h e r i t 
s c a t t e r s o n l y o n c e o r u n d e r g o e s m u l t i p l e s c a t t e r i n g s ) . T h e r e f o r e , t h e 
i n t e r a c t i o n b e t w e e n t h e n e u t r o n and o n e t a r g e t a tom i s n o t what i s 
i m p o r t a n t i n t e s t i n g t h e v a l i d i t y o f c o n d i t i o n s ( 1 0 . 1 ) and ( 1 0 . 2 ) , b u t 
r a t h e r t h e " e f f e c t i v e i n t e r a c t i o n " b e t w e e n t h e n e u t r o n and t h e t a r g e t 
a s a w h o l e . T h a t i s , r e p l a c i n g t h e m a n y - p a r t i c l e m a c r o s c o p i c t a r g e t 
w i t h a f i x e d s c a t t e r i n g c e n t e r , t h e e f f e c t i v e i n t e r a c t i o n i s t h a t 
i n t e r a c t i o n a s s o c i a t e d w i t h t h e f i x e d s c a t t e r i n g c e n t e r t h a t e x a c t l y 
r e p r o d u c e s t h e s c a t t e r i n g f r o m t h e m a c r o s c o p i c t a r g e t . To d e t e r m i n e 
t h i s e f f e c t i v e i n t e r a c t i o n , o r o p t i c a l m o d e l p o t e n t i a l , o n l y t h e f i r s t 
Born a p p r o x i m a t i o n n e e d b e c o n s i d e r e d . For a n i n t e r a c t i o n t h a t d e p e n d s 
o n d i s t a n c e o n l y , t h e f i r s t Born DCS f o r a n e u t r o n s c a t t e r i n g from a 
f i x e d s c a t t e r i n g c e n t e r w i t h an i n t e r a c t i o n <j> i s , from Eq. ( 4 . 2 6 ) w i t h 
S(k ,u ) ) = 6 ( o o ) , 
, ( 1 ) / m \ 2 . „ - i £ . ( r - r ' ) 
^ = H T J d 3 r J d V e ( 1 0 . 5 ) 
\ 2 7 T f t / 
F o r t h e r m a l - n e u t r o n c r i t i c a l n u c l e a r i n e l a s t i c s i n g l e s c a t t e r i n g , t h e 
DCS i s , f rom Eq. ( 5 . 1 5 ) , 
- i k - ( r - r O /_ . 2 \ 2 
G
 I—™— r ( r , r ' ) ( 1 0 . 6 ) 
w h e r e f ( r , r ^ ) f o l l o w s f rom E q s . ( 5 . 2 3 ) and ( 5 . 5 2 ) , d r o p p i n g t h e s e l f -
1 2 9 
c o r r e l a t i o n t e r m , 
- K ^ | r - r * | 
T ( r , r O = — 2 - - e ( 1 0 . 7 ) 
/ ^ i i 
4 7 T r ^ | r - r | 
To o b t a i n an e s t i m a t e o f t h e a b s o l u t e m a g n i t u d e o f T, i t i s e v a l u a t e d 
i-> -> i - 1 
a t | r - r ^ ] = . T h u s , c o m p a r i n g E q s . ( 1 0 . 5 ) and ( 1 0 . 6 ) , a n e s t i m a t e 
o f t h e m a g n i t u d e o f t h e e f f e c t i v e i n t e r a c t i o n f o r t h e r m a l - n e u t r o n 
c r i t i c a l n u c l e a r s c a t t e r i n g c a n b e o b t a i n e d , 
^ /
 K * (10 .8) 
For t y p i c a l v a l u e s o f p and r^ , 
^ 1 0 " K - 5 * eV ( 1 0 . 9 ) 
w h e r e i s m e a s u r e d i n i n v e r s e A n g s t r o m s . T h u s , c o n d i t i o n ( 1 0 . 1 ) i s 
w e l l s a t i s f i e d f o r t h e r m a l - n e u t r o n c r i t i c a l s c a t t e r i n g . The r a n g e o f 
t h e e f f e c t i v e i n t e r a c t i o n i s o b v i o u s l y 
£ ^ K 1 ( 1 0 . 1 0 ) 
s o t h a t c o n d i t i o n ( 1 0 . 2 ) i s w e l l s a t i s f i e d f o r t h e r m a l - n e u t r o n c r i t i c a l 
s c a t t e r i n g i f t h e t a r g e t i s s u f f i c i e n t l y c l o s e t o i t s c r i t i c a l p o i n t , 
1 3 0 
° - l 
F f i < * A > " 2 ^ J" A e l k ' b <Tf l e ± X ( b ) - ( 1 0 - 1 « 
w h e r e b i s t h e i m p a c t p a r a m e t e r l y i n g i n a p l a n e ( c h o s e n t o b e t h e x - y 
->- -> 
p l a n e ) p e r p e n d i c u l a r t o k \ . The p h a s e s h i f t x ( b ) i s t h e sum o f t h e p h a s e 
s h i f t s i n d u c e d by e a c h o f t h e N t a r g e t a t o m s , 
X(b) = ft\. 
N 
j = l 
<$>(&+ k ± z ( 1 0 . 1 2 ) 
s i n c e , f o r t h e r m a l - n e u t r o n s , k , ^ 1 A . N o t i c e t h a t c o n d i t i o n ( 1 0 . 2 ) 
i s a l m o s t n e v e r s a t i s f i e d e x p e r i m e n t a l l y f o r c r i t i c a l l i g h t s c a t t e r i n g , 
- 3 ° - l 
s i n c e f o r l i g h t k^ ^ 10 A The f i n a l j u s t i f i c a t i o n f o r u s i n g t h e 
GA t o d e s c r i b e t h e r m a l - n e u t r o n c r i t i c a l s c a t t e r i n g i s , o f c o u r s e , 
o b t a i n i n g r e s u l t s t h a t a r e i n a g r e e m e n t w i t h t h o s e o b t a i n e d p r e v i o u s l y 
f rom f i r s t p r i n c i p l e s . 
The d e t a i l s o f t h e GA a r e p r e s e n t e d i n R e f . 8 and w i l l n o t b e 
t r e a t e d h e r e . E s s e n t i a l l y , t h e GA t o t h e s c a t t e r i n g c r o s s s e c t i o n i s 
a q u a s i e l a s t i c a p p r o x i m a t i o n i n w h i c h , when t r e a t i n g t h e p h a s e s h i f t s 
( i n t h e w a v e r e p r e s e n t i n g t h e p r o b e ) i n d u c e d by t h e s c a t t e r i n g , t h e 
p r o b e i s a s s u m e d t o h a v e t r a v e r s e d t h e t a r g e t a l o n g a s t r a i g h t l i n e 
p a r a l l e l t o k \ . I n t h e GA, t h e s c a t t e r i n g a m p l i t u d e , F ^ ^ ( k ^ , k ^ ) , f o r 
a n e u t r o n t o s c a t t e r f rom an i n i t i a l p l a n e wave s t a t e , | k ^ ) , t o a f i n a l 
p l a n e wave s t a t e , | k ^ ) , w h i l e t h e t a r g e t g o e s f r o m an i n i t i a l s t a t e , 
| T _ L ) , t o a f i n a l s t a t e , | T f ) , Eq. ( 1 7 2 ) o f R e f . 8 , i s g i v e n b y 
1 3 1 
The p o s i t i o n v e c t o r o f t h e n e u t r o n i s g i v e n by b + k . z and r . i s t h e 
i J 
p o s i t i o n v e c t o r o f t h e j * " * 1 t a r g e t a t o m . ^ ^ H e r e , o n l y an i n t e r a c t i o n 
t h a t d e p e n d s on d i s t a n c e i s c o n s i d e r e d . 
The DCS i s o b t a i n e d from Eq. ( 1 0 . 1 1 ) by m u l t i p l y i n g ¥ f ± ( ^ f 9 t . ± ) 
by i t s c o m p l e x c o n j u g a t e , summing o v e r f i n a l t a r g e t s t a t e s and a v e r a g i n g 
o v e r i n i t i a l t a r g e t s t a t e s , 
x <(e±x(t) - l ) ^ - 1 " ^ - l ) > ( 1 0 . 1 3 ) 
The DCS g i v e n b y Eq. ( 1 0 . 1 3 ) c a n b e s e p a r a t e d i n t o a p u r e l y e l a s t i c 
p a r t and an i n e l a s t i c p a r t , 
(an) ( d n ) e + ( d f i ) . ( 1 0 . 1 4 ) 
w h e r e 
fe) " 2 i lJ" d 2 b e ± { ' S ( 1 " < e l X ( S )>)' ( 1 0 - 1 5 ) 
and 
(da\ _(k±]2
 r , 2 , r , 2 , . i S - ( b - b ^ ) 
\ t t ) ± - { - * ; ) J d h S d h 6 
x j ( e i x ( S ) e" 1*^)- <e l x ( S )><e" l x ( S' )>J ( 1 0 . 1 6 ) 
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For a m a c r o s c o p i c l i q u i d t a r g e t , t h e e l a s t i c DCS i s n o n - n e g l i g i b l e o n l y 
i n t h e f o r w a r d d i r e c t i o n , and f o r a m a c r o s c o p i c c r y s t a l , t h e e l a s t i c 
DCS i s n o n - n e g l i g i b l e o n l y when k e q u a l s a r e c i p r o c a l l a t t i c e v e c t o r 
o f t h e c r y s t a l . The e l a s t i c DCS w i l l now b e d r o p p e d f rom f u r t h e r c o n ­
s i d e r a t i o n s . 
For c r i t i c a l s c a t t e r i n g , a s shown i n A p p e n d i x I I , t h e f r e e e n e r g y 
o f t h e t a r g e t c a n b e a d e q u a t e l y e x p r e s s e d a s a q u a d r a t i c form i n t e r m s 
o f d e n s i t y f l u c t u a t i o n s f o r n u c l e a r s c a t t e r i n g , o r s p i n f l u c t u a t i o n s 
f o r m a g n e t i c s c a t t e r i n g . T h u s , a s a c o n s e q u e n c e , c o r r e l a t i o n s o f t h e s e 
f l u c t u a t i o n s , t o a l l o r d e r s , d e c o m p o s e i n t o p r o d u c t s o f , a t m o s t , p a i r 
c o r r e l a t i o n s . T h e r e f o r e , i t w o u l d b e n a t u r a l t o e x p a n d t h e t a r g e t 
a v e r a g e s i n Eq. ( 1 0 . 1 6 ) i n a c u m u l a n t e x p a n s i o n , s i n c e t h e c u m u l a n t s 
a r e e x p r e s s e d i n t e r m s o f c o r r e l a t i o n s o f f l u c t u a t i o n s . C a r r y i n g t h e 
e x p a n s i o n o u t t o t h e s e c o n d c u m u l a n t i n c l u d e s p r o d u c t s o f , a t m o s t , 
p a i r c o r r e l a t i o n s t o a l l o r d e r s . As a c o n s e q u e n c e , t r u n c a t i o n o f t h e 
c u m u l a n t e x p a n s i o n a t t h e s e c o n d c u m u l a n t b e c o m e s v i r t u a l l y e x a c t f o r 
c r i t i c a l s c a t t e r i n g . 
The c u m u l a n t s , {w } , a r e d e f i n e d by 
n 
00 
i A X ( b ) 
> = e ( 1 0 . 1 7 ) 
w h e r e A i s s e t e q u a l t o u n i t y o n c e t h e c u m u l a n t s h a v e b e e n d e t e r m i n e d . 
D i f f e r e n t i a t i n g Eq. ( 1 0 . 1 7 ) w i t h r e s p e c t t o A, t h e n s e t t i n g A e q u a l t o 
z e r o y i e l d s 
1 3 3 
w1 = i < X ( b ) > ( 1 0 . 1 8 ) 
D i f f e r e n t i a t i n g Eq. ( 1 0 . 1 7 ) t w i c e w i t h r e s p e c t t o A, t h e n s e t t i n g A 
e q u a l t o z e r o y i e l d s 
2 w 2 + w x 2 = - < X 2 ( b ) > ( 1 0 . 1 9 ) 
o r 
W 2 = - J [V(b)> - <x(b))2] ( 1 0 . 2 0 ) 
T h e r e f o r e , t r u n c a t i n g t h e e x p a n s i o n a t t h e s e c o n d c u m u l a n t , f rom Eq. 
( 1 0 . 1 7 ) , s e t t i n g A e q u a l t o u n i t y , 
i X ( b ) w 1 + w 2 i <x ( b ) > - \ [ <x2 ( b ) > - <x (b ) > 2 ] 
( e ) = e = e e * -
= e ° p t ( 1 0 . 2 1 ) 
S i m i l a r l y , 
- i x ( S ' ) - i x *
 t ( b ' ) 
<e > = e ° p t ( 1 0 . 2 2 ) 
and 
1 3 4 
^ n n i - ^ - i x * , . ^ ) <x (b )x (bO>" <X (b) > <X (b O > 
e ° p t e ° P t e ( 1 0 . 2 3 ) 
T h u s , t h e i n e l a s t i c DCS, Eq. ( 1 0 . 1 6 ) , b e c o m e s 
2 - > - > - > -> * -> 
r , \ / k - \ o o i k - ( b - b ' ) ix _(b) - i x <_(b") 
x j e <x(5)x(b' )> - <x(b)><x(b-)> _ ^ ( 1 0 - 2 4 ) 
The v a r i o u s t e r m s a p p e a r i n g i n t h e c r o s s s e c t i o n , Eq. ( 1 0 . 2 4 ) , 
^Op1 h a v e t h e f o l l o w i n g p h y s i c a l i n t e r p r e t a t i o n . The r e a l p a r t o f X o p t ( b ) , 
Re X o p t ( b ) = <x(b)> ( 1 0 . 2 5 ) 
c o r r e s p o n d s t o a r e a l e f f e c t i v e o p t i c a l p o t e n t i a l , o r an i n d e x o f 
r e f r a c t i o n t e r m . I t s i m a g i n a r y p a r t , 
Im X o p t ( b ) = \ [ < X 2 ( b ) > - <X(b) >2J ( 1 0 . 2 6 ) 
r e p r e s e n t s a d e p l e t i o n , o r e x t i n c t i o n , o f t h e n e u t r o n beam due t o t h e 
i n e l a s t i c s c a t t e r i n g . F i n a l l y , t h e t e r m i n b r a c k e t s r e p r e s e n t s t h e 
i n e l a s t i c s c a t t e r i n g , t o a l l o r d e r s . 
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At t h i s p o i n t , t h e i n e l a s t i c DCS g i v e n b y Eq. ( 1 0 . 2 4 ) i s compared 
t o t h e p e r t u r b a t i v e e x p a n s i o n o f t h e DDCS, Eq. ( 4 . 1 ) , i n C h a p t e r IV i n 
o r d e r t o j u s t i f y t h e p h y s i c a l i n t e r p r e t a t i o n g i v e n f o r t h e n e g l e c t e d 
t e r m s i n and A ^ . A l t h o u g h t h e s e two c r o s s s e c t i o n s a r e v a s t l y d i f ­
f e r e n t i n f o r m , t h e y s t i l l c a n b e compared b y r e a l i z i n g t h a t , a t l e a s t 
i n p r i n c i p l e , t h e a b o v e DCS s h o u l d b e o b t a i n a b l e f rom t h e DDCS i n C h a p ­
t e r I V , u s i n g t h e a p p r o p r i a t e a p p r o x i m a t i o n s . T h u s , n o t i n g t h a t t h e p e r ­
t u r b a t i v e e x p a n s i o n o f t h e DDCS i n C h a p t e r IV i s i n t e r m s o f p o w e r s o f 
t h e i n t e r a c t i o n , <f> = AB, a o n e t o o n e c o r r e s p o n d e n c e c a n b e made w i t h 
t h e a b o v e DCS b y e x p a n d i n g i t i n t e r m s o f p o w e r s o f t h e i n t e r a c t i o n cf>, 
or e q u i v a l e n t l y , f r o m Eq. ( 1 0 . 1 2 ) , i n t e r m s o f p o w e r s o f x« T h e r e f o r e , 
f rom Eq. ( 1 0 . 2 4 ) , 
2 
I ; a2b ; a2b n ( 1 0 . 2 7 ) 
w h e r e , t h e f i r s t t h r e e t e r m s a r e g i v e n b y 
S 2 = ( X ( b ) x ( b ' ) ) " <x(b)><x(b')> ( 1 0 . 2 8 ) 
6 3 = i Re X t ( b ) [ < x ( b ) X ( b ' ) > - <x<$) X x ( b ' ) >] 
- i Re
 X f m f ( b ' ) [ < x ( b ) x ( b ' ) ) - <X(b) ><X(5') >] ( 1 0 . 2 9 ) 
1 3 6 
o p t ( b ) - Y Re X o p t 
x [<x(b)x(bO> " <x(b)><X(b')> 
+ 
\ [ < X ( S ) x(bO> " < x ( S ) > < x ( b ' ) > ] 2 
Im x 
i r * -> ~i 2 \ 
n ^ o p t M } 
o p t 
X [ < X ( b ) x ( b ) > < x ( S ) X x ( S ' ) > ] ( 1 0 . 3 0 ) 
A o n e t o o n e c o r r e s p o n d e n c e b e t w e e n 6 ^ , 6^ and 6^ g i v e n a b o v e c a n b e 
made w i t h A^ and g i v e n b y E q s . ( 4 . 8 ) - ( 4 . 1 0 ) . N o t i c e t h a t 
t h e 1 , 2 n o t a t i o n o f t h e l a t t e r h a s g o n e o v e r , r e s p e c t i v e l y , i n t o t h e 
b , b ^ d e p e n d e n c e o f t h e f o r m e r . C l e a r l y , a s s t a t e d i n C h a p t e r I V , 6^ 
( o r Ly) r e p r e s e n t s s i n g l e s c a t t e r i n g , 6^ ( o r A^) r e p r e s e n t s t h e m i x e d 
e f f e c t s o f r e f r a c t i o n and s i n g l e s c a t t e r i n g , t h e f i r s t and l a s t t e r m s 
o f 6 . ( o r A . ) r e p r e s e n t t h e m i x e d e f f e c t s o f e x t i n c t i o n , r e f r a c t i o n 
4 4 
and s i n g l e s c a t t e r i n g and t h e m i d d l e t e r m i n 6^ ( o r A^) r e p r e s e n t s 
d o u b l e s c a t t e r i n g . 
The f o r m a l i s m j u s t p r e s e n t e d i s now a p p l i e d t o t h e c a s e o f c r i t ­
i c a l n u c l e a r s c a t t e r i n g o f t h e r m a l - n e u t r o n s f rom l i q u i d s . The i n t e r ­
a c t i o n , <{>, w h i c h d e t e r m i n e s t h e p h a s e s h i f t x ( b ) > Eq. ( 1 0 . 1 2 ) , i s g i v e n 
by t h e F e r m i - p s e u d o p o t e n t i a l , Eq. ( 5 . 1 ) . T h u s , f rom Eq. ( 1 0 . 1 2 ) , t h e 
t a r g e t a v e r a g e o f x ( b ) i s t h e n 
C r i t i c a l N u c l e a r S c a t t e r i n g 
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< x ( b ) > = - J d z < n ^ z ) > ( 1 0 . 3 1 ) 
w h e r e n ( r ) i s t h e d e n s i t y o p e r a t o r g i v e n b y Eq. ( 5 . 1 1 ) . For a l i q u i d 
w i t h a c o n s t a n t p a r t i c l e number d e n s i t y P , 
( X ( b ) > = - ^ P ( b ) £ ( b ) 
i 
( 1 0 . 3 2 ) 
w h e r e 1(b) i s t h e l e n g t h o f t h e t a r g e t p a r a l l e l t o and g o i n g t h r o u g h 
t h e p o i n t b , and 
P ( b ) = 
i f b l i e s i n s i d e t h e t a r g e t 
( 1 0 . 3 3 ) 
0 o t h e r w i s e 
The f l u c t u a t i o n t e r m , ( x ( b ) x ( b ^ ) ) - (x ( b ) ) < X ( t O ) , b e c o m e s 
< X ( b ) x ( b O > - < x ( b ) > < x ( b O > = (~J J dz± J d z ^ R ( £ , z ^ ; b " , z ^ ) 
( 1 0 . 3 4 ) 
w h e r e R ( r , r 2 ) i s t h e d e n s i t y - d e n s i t y c o r r e l a t i o n f u n c t i o n g i v e n b y 
Eq. ( 5 . 1 6 ) . A s s u m i n g a t r a n s l a t i o n a l l y i n v a r i a n t t a r g e t ( s e e C h a p t e r 
V I ) , 
<x(b)x(b')> " < x ( b ) > < x ( b ' ) > = 2 i \ d 
— — P ( b ) 
1 2 
Z(t) F dz R ( b - S % z ) / P ' 
( 1 0 . 3 5 ) 
1 38 
w h e r e z = - z ^ . 
The i n e l a s t i c DCS, Eq. ( 1 0 . 2 4 ) , f rom E q s . ( 1 0 . 3 2 ) and ( 1 0 . 3 5 ) , 
i s now 
da 
dft 
i k - ( b - t O 
^ MI) £(BO] 
H-na U(b) + £ ( b ' ) ] J dz F ( z ) 
x e 
x / e ^ 1 / - l \ ( 1 0 . 3 6 ) 
w h e r e t h e l i m i t s o f t h e b and b^ i n t e g r a t i o n s now g o o v e r t h e t a r g e t . 
At t h i s p o i n t , i t i s c o n v e n i e n t t o d e f i n e t h e F o u r i e r t r a n s f o r m , 
S ( £ x ) , o f T ( ? ) / p , 
_„ _ - i k - r 
R(r)/P = (2TT) J J d \ x S ^ ) e 1 ( 1 0 . 3 7 ) 
T h u s , 
J dz T(z ) = p J d 2A S( t ) ( 1 0 . 3 8 ) 
( 2 T T ) Z 
and 
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P dz r ( b - b \ z ) = — 2 — J* d 2 A S ( A ) e " i A ' ( b " b 0 ( 1 0 . 3 9 ) 
w h e r e A i s a t w o d i m e n s i o n a l wave v e c t o r p e r p e n d i c u l a r t o t h e z d i r e c ­
t i o n . The i n e l a s t i c DCS, Eq. ( 1 0 . 3 6 ) , i s now g i v e n by 
\ V i x / v V 
2 
- 4 ^ " f f d Z A S ( A ) 
2
 k . 2 J 
^ £ < £ ) f d 2 A S(A)
 e - ^ ^ ) 
k 2 J 
x < e 1 - i > ( 1 0 . 4 0 ) 
N e g l e c t i n g t h e s e l f - c o r r e l a t i o n t e r m , f r o m E q s . ( 5 . 2 3 ) and ( 5 . 5 2 ) , 
2 
t h e c o r r e l a t i o n f u n c t i o n , T ( r ) / p , f o r c r i t i c a l s c a t t e r i n g , a s d e t e r m i n e d 
by O r n s t e i n and Z e r n i k e , i s 
- K ± T 
r ( r ) / P 2 = 1 2 ( 1 0 . 4 1 ) 
4-RRPR^ 
T h u s , f rom E q s . ( 1 0 . 3 7 ) , 
S ( A ) = — - — ^ y- ( 1 0 . 4 2 ) 
1 4 0 
A f o r m a l d i f f i c u l t y now a r i s e s , d u e t o t h e e x p l i c i t form o f t h e 
OZ c o r r e l a t i o n f u n c t i o n , i n t h a t t h e two d i m e n s i o n a l i n t e g r a l on t h e 
r i g h t - h a n d - s i d e o f Eq. ( 1 0 . 3 8 ) i s d i v e r g e n t i f t a k e n o v e r a l l v a l u e s 
o f A. H o w e v e r , r e c a l l i n g t h e m e a n i n g o f A a s t h e wave v e c t o r t r a n s f e r 
-> 
o f t h e n e u t r o n , a n a t u r a l c u t - o f f f o r A f o r q u a s i e l a s t i c s c a t t e r i n g i s 
A = 2k_^. W i t h t h i s c u t - o f f f o r X, t h i s i n t e g r a l b e c o m e s 
, * I k-2 
J DZA S(A) = *NLL + —±J ) = ° B (10.43) 
RL V KL / A 
w h e r e a i s t h e i n e l a s t i c t o t a l c r o s s - s e c t i o n p e r t a r g e t a t o m a s g i v e n 
B 
by t h e f i r s t Born a p p r o x i m a t i o n , i . e . , from Eq. ( 5 . 5 3 ) , 
N \dQ/ o B = J ' < M ^ ( ^ | = - ^ ^ £ N | L + — ^ | (10.44) 
I n c o n s i d e r i n g t h e i n e l a s t i c DCS, Eq. ( 1 0 . 4 0 ) , f o r s i m p l i c i t y 
t h e t a r g e t i s a s s u m e d t o b e a s l a b , f o r w h i c h I(b) = £ , t h e l e n g t h o f 
t h e s l a b p a r a l l e l t o k^. N o t i c e , t h a t w i t h t h i s a s s u m p t i o n , t h e i n d e x 
o f r e f r a c t i o n t e r m i n Eq. ( 1 0 . 4 0 ) b e c o m e s u n i t y . T h i s i s a r e f l e c t i o n 
o f t h e p h y s i c a l f a c t t h a t , s i n c e a l l n e u t r o n s e n t e r t h e t a r g e t a t t h e 
same z - c o m p o n e n t and t h e n a r e a s s u m e d t o c o n t i n u e m o v i n g i n a s t r a i g h t 
l i n e p a r a l l e l t o t h e z - a x i s , any two n e u t r o n s a t some p o i n t i n t h e t a r ­
g e t w i l l h a v e s u f f e r e d t h e same t a r g e t - m e d i u m - i n d u c e d p h a s e c h a n g e . 
T h u s , t h i s p h a s e c h a n g e c a n n o t g i v e r i s e t o i n t e r f e r e n c e e f f e c t s and 
c a n h a v e n o e f f e c t on t h e s c a t t e r i n g . The i n e l a s t i c DCS, Eq. ( 1 0 . 4 0 ) , 
f o r a s l a b t a r g e t i s , from Eq. ( 1 0 . 4 3 ) , 
1 4 1 
k . \ -pa„«. o „ I k - ( b - b ' ) / d 0 \ / V . " P V r . 2 . . . I . 
1 TT TT V V 
d 2 X S(t) e " ^ " ^ ^ 
k. 
x (e 1 - l \ ( 1 0 . 4 5 ) 
T h i s i s an e x a c t r e s u l t f o r c r i t i c a l n u c l e a r s c a t t e r i n g w i t h i n t h e 
G l a u b e r a p p r o x i m a t i o n and a s s u m i n g s l a b g e o m e t r y . N e u t r o n e x t i n c t i o n 
i s now e m b o d i e d i n t h e s i m p l e t e r m e x p ( -pa ft), and a l l o r d e r s o f s c a t -
B 
t e r i n g a r e r e p r e s e n t e d by t h e t e r m s i n b r a c k e t s . E x p a n d i n g t h e e x p o n e n ­
t i a l i n t h e b r a c k e t s l e a d s t o a s e r i e s e x p a n s i o n o f t h e i n e l a s t i c DCS, 
w h o s e t e r m s c a n b e i d e n t i f i e d w i t h s i n g l e and m u l t i p l e s c a t t e r i n g . 
T h u s , t h e s i n g l e s c a t t e r i n g i n e l a s t i c DCS i s 
, \ ( 1 )
 9 - p a ft „ 2 P V 
da | 2 B . Na e 
I = Na e s(k) = — ~ — o ^~ ( 1 0 . 4 6 ) df i / . "~ ~ 2 r , 2 . 2 
' I r x [k + K 1 ] 
w h i c h , n e g l e c t i n g t h e e x t i n c t i o n f a c t o r , e x p ( -pa ft), i s t h e f i r s t Born 
B 
o r s i n g l e s c a t t e r i n g r e s u l t , Eq. ( 5 . 5 3 ) . The d o u b l e s c a t t e r i n g i n e l a s -
35 
t i c DCS i s 
A \2l " v " i ' " s ' 1 
r l 
1 4 2 
w h e r e t h e f u n c t i o n G i s g i v e n by E q s . ( 6 . 3 8 ) - ( 6 . 4 0 ) . T h u s , t o s e c o n d 
o r d e r , t h e i n e l a s t i c DCS i s 
^ j , - ^ } , + P 1 m { % k t l + 6 H ( x ) ] ( 1 0 - 4 8 ) 
w h e r e 3 i s g i v e n by 
-(!) 2 pa ( 1 0 . 4 9 ) 
, 2 2 
k i r l 
and H ( x ) i s g i v e n by Eq. ( 6 . 4 4 ) . N e g l e c t i n g t h e e x t i n c t i o n f a c t o r , 
t h e s e r e s u l t s a g r e e e x a c t l y w i t h t h e p r e v i o u s r e s u l t s o b t a i n e d f o r 
s m a l l - a n g l e c r i t i c a l n u c l e a r d o u b l e s c a t t e r i n g o b t a i n e d from 
f i r s t p r i n c i p l e s i n C h a p t e r V I . N e g l e c t i n g t h e e x t i n c t i o n and r e f r a c ­
t i o n t e r m s from t h e o u t s e t and c a l c u l a t i n g t h e d o u b l e s c a t t e r i n g t e r m 
f o r a r b i t r a r y t a r g e t g e o m e t r y l e a d s t o t h e same r e s u l t s , b u t w h e r e now, 
t h e f a c t o r 1/2 i n 3 , Eq. ( 1 0 . 4 9 ) , i s r e p l a c e d by 
f + <*> = y V 1 J d 2 b £ 2 ( b ) ( 1 0 . 5 0 ) 
V 
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w h i c h i s e q u i v a l e n t t o t h e {I) g i v e n by Eq. ( 6 . 3 6 ) i n C h a p t e r V I . 
C r i t i c a l M a g n e t i c S c a t t e r i n g 
The f o r m a l i s m of t h e f i r s t s e c t i o n o f t h i s c h a p t e r i s now a p p l i e d 
t o t h e c a s e o f c r i t i c a l m a g n e t i c s c a t t e r i n g o f u n p o l a r i z e d n e u t r o n s f r o m 
1 4 3 
a f e r r o m a g n e t s l i g h t l y a b o v e i t s C u r i e t e m p e r a t u r e . For an u n p o l a r i z e d 
n e u t r o n beam, t h e i n e l a s t i c DCS from Eq. ( 1 0 . 1 6 ) i s , summing o v e r f i n a l 
n e u t r o n s p i n s t a t e s and a v e r a g i n g o v e r i n i t i a l n e u t r o n s p i n s t a t e s , 
2 
R D A \ _ t \ \ P ^
 R X , i k . ( b - b ' ) 
( £ ) . " J ^ J d V * 
x E \<P±\<e±X(S) e " 1 * ^ ) - < e l x ( ? ) ) < e - l x ( J ' ) ) | a . ) (10.51) 
A . 
1 
w h e r e | o \ ) i s t h e i n i t i a l n e u t r o n s p i n s t a t e . 
C o n s i d e r i n g t a r g e t s w h e r e t h e o r b i t a l c o n t r i b u t i o n t o t h e t a r g e t 
e l e c t r o n ' s m a g n e t i c moment i s n e g l i g i b l e o r c a n s i m p l y b e t a k e n a c c o u n t 
o f by a d j u s t i n g t h e e l e c t r o n i c s p i n quantum n u m b e r , t h e i n t e r a c t i o n , (j), 
w h i c h d e t e r m i n e s t h e p h a s e s h i f t \ ( b ) , Eq. ( 1 0 . 1 2 ) , i s g i v e n b y Eq. 
( 7 . 1 3 ) . E x p r e s s i n g $ i n t e r m s o f i t s F o u r i e r t r a n s f o r m , (j), i . e . , 
i £ • r 
<K?) = ( 2 T T ) " 3 J d \ e 1 i o ^ ) ( 1 0 . 5 2 ) 
w h e r e <j> i s g i v e n by E q s . ( 7 . 1 6 ) , ( 7 . 3 1 ) and ( 7 . 3 2 ) , t h e p h a s e f a c t o r 
x ( b ) f rom Eq. ( 1 0 . 1 2 ) b e c o m e s 
2 i X - ( b - r . ) 
X ( B ) = G 6 2 L J D Z A e J V P I ( A ) ( 1 0 . 5 3 ) 
TIM c k . i 
e I J 
w h e r e p^ (A) i s g i v e n by Eq. ( 7 . 3 5 ) , 
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p . ( A ) = s . - A ( s . * A ) ( 1 0 . 5 4 ) 
Now, t h e same a s s u m p t i o n s p r e s e n t e d i n C h a p t e r V I I a r e made , i . e . , 
t h a t t h e c r y s t a l i s made up o f i d e n t i c a l a t o m s ( w i t h o n e a to m p e r u n i t 
c e l l ) w h o s e n u c l e a r t h e r m a l m o t i o n s c a n b e n e g l e c t e d , t h a t e l e c t r o n i c 
e x c i t a t i o n s c a n b e n e g l e c t e d and t h a t t h e e l e c t r o n i c s p i n s t a t e s a r e 
a d e q u a t e l y d e s c r i b e d by t h e H e i s e n b e r g m o d e l , w h i c h a s c r i b e s t o e a c h 
a t o m an e f f e c t i v e s p i n o p e r a t o r , S , o f f i x e d l e n g t h . E x p a n d i n g Eq. 
( 1 0 . 5 1 ) i n a c u m u l a n t e x p a n s i o n , t h e f i r s t c u m u l a n t v a n i s h e s f o r a 
c r y s t a l s l i g h t l y a b o v e i t s C u r i e t e m p e r a t u r e , s i n c e ( S ) = 0 , and t h e r e ­
f o r e , t h e s e c o n d c u m u l a n t b e c o m e s v i r t u a l l y e x a c t f o r s m a l l - a n g l e s c a t ­
t e r i n g f o r t h e same r e a s o n s g i v e n f o r t h e n u c l e a r c a s e . T h u s , 
- \ <x 2 (b)> - \ <x 2 (b' )> 
e 
a . 
l 
( 1 0 . 5 5 ) 
w h e r e 
( 1 0 . 5 6 ) 
1 4 5 
?g(X) = % - H S f h ( 1 0 . 5 7 ) 
R 
i s t h e e f f e c t i v e H e i s e n b e r g s p i n i n t h e d i r e c t i o n p e r p e n d i c u l a r t o X 
o f an a tom l o c a t e d a t R, Eq. ( 7 . 4 7 ) , and F(X) i s t h e m a g n e t i c a t o m i c 
for m f a c t o r , Eq. ( 7 . 5 2 ) . I n o b t a i n i n g Eq. ( 1 0 . 5 6 ) , t h e s p i n s y s t e m 
was a s s u m e d t o b e t r a n s l a t i o n a l l y i n v a r i a n t and t h e sums o v e r t h e 
l o c a t i o n o f t h e H e i s e n b e r g s p i n o p e r a t o r s w e r e r e p l a c e d w i t h i n t e g r a l s , 
r e t a i n i n g o n l y t h e T = 0 r e c i p r o c a l l a t t i c e v e c t o r . The d e t a i l s o f 
t h i s c a l c u l a t i o n a r e l e f t t o t h e i n t e r e s t e d r e a d e r s i n c e i t c l o s e l y 
p a r a l l e l s t h e c a l c u l a t i o n i n C h a p t e r V I I . 
Now m a k i n g u s e o f t h e i n v a r i a n c e o f t h e H e i s e n b e r g m o d e l 
H a m i l t o n i a n t o s i m u l t a n e o u s r o t a t i o n s o f t h e t a r g e t s p i n s , Eq. ( 7 . 5 8 ) , 
t h e t a r g e t s p i n a v e r a g e a p p e a r i n g i n Eq. ( 1 0 . 5 6 ) c a n b e r e w r i t t e n a s , 
<W*>W-*> > -1 PN ( ^P N ( -*><V%> - £ <V%> ( 1 0 - 5 8 ) 
w h e r e 
P N ( A ) = s N - A(1 N -A) ( 1 0 . 5 9 ) 
r e p r e s e n t s t h e p r o j e c t i o n o f t h e n e u t r o n s p i n p e r p e n d i c u l a r t o A. 
-> -> 1 
S i n c e P ^ ' P ^ = a c - n u m b e r , t h e i n e l a s t i c DCS, Eq. ( 1 0 . 5 1 ) , i s i n d e p e n ­
d e n t o f t h e i n i t i a l n e u t r o n s p i n s t a t e and t h e a v e r a g e o v e r i n i t i a l 
n e u t r o n s p i n s t a t e s a p p e a r i n g i n t h e DCS, Eq. ( 1 0 . 5 5 ) , i s u n i t y . 
1 4 6 
D e f i n i n g t h e F o u r i e r t r a n s f o r m S ( k ) o f (S'S+)/p, 
1 U K 
- i k . -R 
< S 0 - % > / P = (2IR) 3 J d 3 ^ S C ^ ) e 1 , ( 1 0 . 6 0 ) 
g i v e s 
J d 3 R e i A , S < S 0 - S G > = p S ( A ) ( 1 0 . 6 1 ) 
a n d 
2 
< x ( S > X < £ - > > = | ( ' ^ F 2 - ) P * < & > ; D 2 A | F ( A ) | 2 e " " - ( b - S ' )
 S (X } ( 1 0 . 6 2 ) 
\ m c k . / 
v
 e i ' 
Near t h e c r i t i c a l p o i n t , (S * ^ - ) a s g i v e n b y O r n s t e i n and Z e r n i k e f o r 
l a r g e R, E q s . ( 7 . 7 5 ) and ( 7 . 8 4 ) , i s 
- K - j R 
< V S 5 > = F ^ F ( 1 0 - 6 3 ) 
and 
S ( T ) = ( 1 0 . 6 4 ) 
r^ A + 
S i n c e S(X) i s a p p r e c i a b l e i n t h e c r i t i c a l r e g i o n o n l y f o r s m a l l 
v a l u e s o f A f o r w h i c h F(A) = 1 , t h e m a g n e t i c form f a c t o r i n Eq. ( 1 0 . 6 2 ) 
i s r e p l a c e d by u n i t y . T h u s , 
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( X ( b ) x ( b 0 > = | S ( S + 1 ) 2 2 2 2 d Z A [ r 1 Z ( A Z + K p ] 1 
x e 
- i X - ( b - b ' ) ( 1 0 . 6 5 ) 
Comparing Eq. ( 1 0 . 6 5 ) w i t h t h e t r e a t m e n t f o r c r i t i c a l n u c l e a r s c a t t e r i n g 
from l i q u i d s p r e s e n t e d i n t h e s e c o n d s e c t i o n o f t h i s c h a p t e r , i t b e c o m e s 
a p p a r e n t t h a t , a s b e f o r e [ s e e Eq. ( 8 . 3 5 ) ] , t h e c r i t i c a l m a g n e t i c s c a t ­
t e r i n g c a n b e o b t a i n e d from t h e n u c l e a r s c a t t e r i n g upon r e p l a c e m e n t o f 
t h e n u c l e a r s c a t t e r i n g l e n g t h w i t h t h e c o r r e s p o n d i n g m a g n e t i c s c a t t e r i n g 
l e n g t h 
T h i s r e p l a c e m e n t made i n E q s . ( 1 0 . 4 6 ) - ( 1 0 . 4 9 ) g i v e s t h e s i n g l e 
and d o u b l e m a g n e t i c i n e l a s t i c DCS. I n p a r t i c u l a r , t h e d o u b l e s c a t t e r ­
i n g p a r a m e t e r 3 , Eq. ( 1 0 . 4 9 ) , b e c o m e s , f o r m a g n e t i c s c a t t e r i n g , 
w h i c h a g r e e s e x a c t l y w i t h t h e r e s u l t s o b t a i n e d i n C h a p t e r V I I I , s e e Eq. 
( 1 0 . 6 6 ) 
( 1 0 . 6 7 ) 
( 8 . 3 8 ) . 
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C r i t i c a l M u l t i p l e S c a t t e r i n g i n t h e A s y m p t o t i c L i m i t -> 0 
Up t o now, t h i s e n t i r e t r e a t m e n t h a s d e a l t m a i n l y w i t h t h e e x p a n ­
s i o n o f t h e s c a t t e r i n g c r o s s s e c t i o n i n a p e r t u r b a t i v e s e r i e s and c o n s i d ­
e r i n g i n d e t a i l o n l y t e r m s t h r o u g h d o u b l e s c a t t e r i n g . H o w e v e r , w i t h t h e 
G l a u b e r a p p r o x i m a t i o n , i t i s now p o s s i b l e t o o b t a i n t h e c r o s s s e c t i o n f o r 
c r i t i c a l s c a t t e r i n g i n a c l o s e d f o r m , i n t h e a s y m p t o t i c l i m i t -> 0 , 
t h a t i s u s e f u l f o r a n a l y s i s o f e x p e r i m e n t a l d a t a . I n t h e f i r s t s e c t i o n 
o f t h i s c h a p t e r , a p l a u s i b i l i t y a r g u m e n t w a s g i v e n f o r t h e a p p l i c a b i l i t y 
o f t h e GA t o c r i t i c a l s c a t t e r i n g o f t h e r m a l - n e u t r o n s . S u b s e q u e n t l y , i t 
w a s shown t h a t i n d e e d t h e GA d i d p r o d u c e e x a c t l y t h e same r e s u l t s , 
t h r o u g h d o u b l e s c a t t e r i n g , a s w a s p r e v i o u s l y o b t a i n e d from f i r s t p r i n ­
c i p l e s . T h e r e f o r e , i n w h a t f o l l o w s , i t i s i m p l i c i t l y a s s u m e d t h a t t h e 
GA i s a p p l i c a b l e t o c r i t i c a l s c a t t e r i n g f o r a l l o r d e r s o f s c a t t e r i n g . 
W h i l e t h i s a s s e r t i o n h a s by no means b e e n p r o v e d , i t d o e s s e e m v e r y 
r e a s o n a b l e . 
A s s u m i n g s l a b g e o m e t r y , t h e i n e l a s t i c DCS f o r c r i t i c a l n u c l e a r 
o r m a g n e t i c s c a t t e r i n g i s 
( 1 0 . 6 8 ) 
w h e r e A i s t h e c r o s s - s e c t i o n a l a r e a o f t h e t a r g e t and 3 i s g i v e n b y 
Eq. ( 1 0 . 4 9 ) f o r n u c l e a r s c a t t e r i n g and by Eq. ( 1 0 . 6 7 ) f o r m a g n e t i c s c a t -
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t e r i n g . The i n t e g r a l o v e r A a p p e a r i n g i n Eq. ( 1 0 . 6 8 ) c a n b e e x p r e s s e d 
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i n t e r m s o f t h e m o d i f i e d B e s s e l f u n c t i o n KQ, 
^ P d 2 A ( A 2 + K 2 ) 1 e i A * b " = 4 3 K n ( K l b " ) ( 1 0 . 6 9 ) 
TT *J 1 0 1 
The i n e l a s t i c DCS, Eq. ( 1 0 . 6 8 ) , c a n t h e n b e w r i t t e n 
/ \ Ak 2 - p a £ oo r 4 3 K n ( K b - ) "1 
m) S d b - b - J 0 (kb-)Le 0 1 " i j ( 1 0 . 7 0 ) 
v
 ' i 0 
w h e r e i s t h e z e r o t h - o r d e r B e s s e l f u n c t i o n o f t h e f i r s t k i n d . 
As t h e c r i t i c a l p o i n t i s a p p r o a c h e d , -> 0 and t h e i n t e g r a l i n 
Eq. ( 1 0 . 7 0 ) i s e a s i l y e v a l u a t e d i n t h i s l i m i t . For -> 0 and k f 0 , 
t h e a s y m p t o t i c e x p a n s i o n f o r K ^ K ^ b ^ ) i n t h i s l i m i t i s u s e d and t h e 
d e p e n d e n c e o f t h e i n e l a s t i c DCS on w a v e v e c t o r t r a n s f e r k i s g i v e n 
i 38 by 
(da ) . < / P V 1 0 = 2 6 ! / _ J L _ f 4 6 U < ±) (10.71) 
For t h e t y p i c a l l y s m a l l e x p e r i m e n t a l v a l u e s o f 3, t h e r a t i o o f T 
f u n c t i o n s i n Eq. ( 1 0 . 7 1 ) c a n b e r e p l a c e d by 23, y i e l d i n g 
' d o \ , 2 g A k i 2 - p a B y ! \ 2 - 4 g 
.dfi /. 2 6 I - 1 I 
V / l T T K ^ Y ^ l / 
( 1 0 . 7 2 ) 
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Compared w i t h t h e s i n g l e s c a t t e r i n g c r o s s s e c t i o n f o r -> 0 , f rom 
Eq. ( 1 0 . 4 6 ) , 
d a \ ( 1 ) .
 E-
P ABV_JL_\ 2 
^ Ii 7 T K ^ 2 \ ^ K 1 / 
( 1 0 . 7 3 ) 
i t a p p e a r s t h a t m u l t i p l e s c a t t e r i n g e f f e c t s c a n be a c c o u n t e d f o r by 
t h e s i m p l e r e p l a c e m e n t o f t h e e x p o n e n t on t h e 1 / k x ^ ^ f a c t o r i n t h e 
s i n g l e s c a t t e r i n g i n e l a s t i c DCS o f 
2 -> 2 - 4 3 ( 1 0 . 7 4 ) 
E q u a t i o n ( 1 0 . 7 2 ) h a s t h e same fo rm a s F i s h e r ' s m o d i f i e d fo rm f o r t h e 
i n e l a s t i c DCS, i n t h e l i m i t -> 0 , [ s e e Eq. ( 9 . 1 0 ) ] and o b v i o u s l y 
g i v e s a m u l t i p l e s c a t t e r i n g i n d u c e d q o f 
n = 4 3 ( 1 0 . 7 5 ) 
T h i s r e s u l t i s i n a g r e e m e n t w i t h t h e r e s u l t s o b t a i n e d i n C h a p t e r IX 
[ s e e Eq. ( 9 . 2 2 ) ] i n t h e l i m i t K - > 0 . 
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CHAPTER XI 
CONCLUSIONS AND RECOMMENDATIONS 
I n t h i s w o r k , a g e n e r a l quantum m e c h a n i c a l m u l t i p l e s c a t t e r i n g 
t h e o r y h a s b e e n f o r m u l a t e d f o r t h e r m a l - n e u t r o n s c a t t e r i n g from m a c r o ­
s c o p i c m a t e r i a l s and a p p l i e d t o s i n g l e and d o u b l e s c a t t e r i n g . T h e r m a l -
n e u t r o n c r i t i c a l s c a t t e r i n g f rom l i q u i d s and f e r r o m a g n e t s s l i g h t l y a b o v e 
t h e i r c r i t i c a l p o i n t s w a s t r e a t e d i n d e t a i l , and r e s u l t e d i n a c r i t i c a l 
d o u b l e s c a t t e r i n g p a r a m e t e r , 3 , f rom w h i c h t h e m a g n i t u d e o f d o u b l e 
s c a t t e r i n g e f f e c t s c a n b e d e t e r m i n e d . For t y p i c a l e x p e r i m e n t a l c o n ­
d i t i o n s , c r i t i c a l m a g n e t i c d o u b l e s c a t t e r i n g f rom f e r r o m a g n e t s was 
f o u n d t o p r o d u c e s m a l l , b u t n o n - n e g l i g i b l e d e v i a t i o n s i n t h e s i n g l e 
s c a t t e r i n g L o r e n t z i a n l i n e s h a p e o f s c a t t e r e d n e u t r o n s . I n t h i s r e g a r d , 
i t c o m p e t e s w i t h s i m i l a r l i n e s h a p e d e v i a t i o n s p r e d i c t e d b y F i s h e r ' s 
m o d i f i c a t i o n t o t h e c o r r e l a t i o n f u n c t i o n f rom t h e OZ form u s e d i n t h e 
s i n g l e s c a t t e r i n g c r o s s s e c t i o n . 
I n a d d i t i o n , G l a u b e r ' s h i g h e n e r g y a p p r o x i m a t i o n w a s shown t o 
p r o v i d e a s i m p l e d e s c r i p t i o n f o r t h e r m a l - n e u t r o n c r i t i c a l m u l t i p l e 
s c a t t e r i n g w h i c h p r o d u c e d r e s u l t s i n a g r e e m e n t w i t h t h o s e p r e v i o u s l y 
o b t a i n e d from f i r s t p r i n c i p l e s . When s u f f i c i e n t l y c l o s e t o t h e c r i t i c a l 
p o i n t , t h e GA w a s shown t o p r o v i d e a c l o s e d - f o r m e x p r e s s i o n f o r t h e 
c r o s s s e c t i o n , c o n t a i n i n g a l l o r d e r s o f s c a t t e r i n g , w h i c h h a s t h e same 
form a s t h e s i n g l e s c a t t e r i n g c r o s s s e c t i o n w i t h a m o d i f i e d e x p o n e n t 
f o r t h e w a v e v e c t o r t r a n s f e r . Compared t o F i s h e r ' s m o d i f i c a t i o n o f t h e 
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s i n g l e s c a t t e r i n g c r o s s s e c t i o n , t h i s r e s u l t g i v e s an a p p a r e n t , m u l t i p l e 
s c a t t e r i n g i n d u c e d r\ o f m a g n i t u d e 4 3 . 
The g e n e r a l s c a t t e r i n g f o r m a l i s m p r e s e n t e d i n C h a p t e r s I I - IV 
w i l l a c c o m m o d a t e o t h e r t y p e s o f s c a t t e r i n g , s u c h a s l i g h t and x - r a y 
s c a t t e r i n g . S i n c e c r i t i c a l x - r a y s c a t t e r i n g , l i k e t h e r m a l - n e u t r o n 
s c a t t e r i n g , i s p r e d o m i n a t e l y i n t h e f o r w a r d d i r e c t i o n , t h e c r i t i c a l 
s c a t t e r i n g f o r m a l i s m p r e s e n t e d h e r e i s a l s o a p p l i c a b l e t o x - r a y s . How­
e v e r , c r i t i c a l l i g h t s c a t t e r i n g ( i n t h e o p t i c a l r e g i o n ) i s n o t r e s t r i c t e d 
t o t h e f o r w a r d d i r e c t i o n ; t h e r e f o r e , d e t e r m i n a t i o n o f t h e t a r g e t - s i z e 
p a r a m e t e r ( £ ) i s more c o m p l i c a t e d . I n a d d i t i o n , e x t i n c t i o n e f f e c t s 
d u e t o t h e a b s o r p t i o n o f p h o t o n s c a n b e a p p r e c i a b l e and m u s t b e t a k e n 
i n t o a c c o u n t . 
C r i t i c a l m a g n e t i c s c a t t e r i n g from a n t i - f e r r o m a g n e t s i s p r o ­
n o u n c e d i n n o n - f o r w a r d d i r e c t i o n s a r o u n d m a g n e t i c B r a g g p e a k p o s i t i o n s . 
T h e r e f o r e , d o u b l e s c a t t e r i n g a p p e a r s t o make a n e g l i g i b l e c o n t r i b u t i o n . 
I n a d d i t i o n , a l l s m a l l - a n g l e a p p r o x i m a t i o n s made i n t h e d o u b l e s c a t t e r ­
i n g t h e o r y , e . g . , i n t h e d e t e r m i n a t i o n o f ( I ) and s e t t i n g t h e m a g n e t i c 
form f a c t o r s e q u a l t o u n i t y , a r e i n v a l i d f o r s c a t t e r i n g f rom a n t i -
f e r r o m a g n e t s . The m a g n i t u d e o f t h e m u l t i p l e s c a t t e r i n g a l s o d e p e n d s 
on s u c h e x p e r i m e n t a l d e t a i l s a s , f o r e x a m p l e , t h e o r i e n t a t i o n o f t h e 
a n t i - f e r r o m a g n e t i c c r y s t a l w i t h r e s p e c t t o t h e w a v e v e c t o r t r a n s f e r . 
T h e r e f o r e , t h e a p p l i c a t i o n o f t h e t h e o r y p r e s e n t e d h e r e t o c r i t i c a l 
m a g n e t i c s c a t t e r i n g from a n t i - f e r r o m a g n e t s a p p e a r s t o b e u n i n t e r e s t i n g 
u n l e s s o n e i s a n a l y z i n g a p a r t i c u l a r s c a t t e r i n g e x p e r i m e n t . 
A l t h o u g h o n l y m u l t i p l e s c a t t e r i n g u s i n g u n p o l a r i z e d n e u t r o n 
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beams w a s c o n s i d e r e d h e r e , t h e t h e o r y c a n b e e x t e n d e d t o i n c l u d e s c a t ­
t e r i n g o f p o l a r i z e d n e u t r o n s w h i c h w i l l r e v e a l more d e t a i l e d i n f o r m a ­
t i o n a b o u t t h e t a r g e t s t r u c t u r e . A l s o , s m a l l - a n g l e t h e r m a l - n e u t r o n 
m u l t i p l e s c a t t e r i n g from l o w - t e m p e r a t u r e s p i n w a v e s m i g h t p r o v e t o b e 
a g o o d c a n d i d a t e f o r f u r t h e r i n v e s t i g a t i o n s . 
On ly q u a s i e l a s t i c s c a t t e r i n g was c o n s i d e r e d i n d e t a i l i n t h i s 
t r e a t m e n t . T h u s , a p p l i c a t i o n s o f t h e m o s t p o w e r f u l a s p e c t o f t h e 
g e n e r a l m u l t i p l e s c a t t e r i n g t h e o r y p r e s e n t e d i n C h a p t e r s I I - IV was 
c o m p l e t e l y i g n o r e d , i . e . , t h e a b i l i t y t o t r e a t i n e l a s t i c (w ^ 0 ) 
m u l t i p l e s c a t t e r i n g . W i t h i n t h e QA, a T - m a t r i x e x p a n s i o n w o u l d h a v e 
p r o d u c e d , p e r h a p s e v e n i n a s i m p l e r , more e f f i c i e n t w a y , t h e same 
r e s u l t s f o r c r i t i c a l s c a t t e r i n g o b t a i n e d h e r e . T h e r e f o r e , i n o r d e r 
t h a t t h e f u l l p o t e n t i a l o f t h e t h e o r y p r e s e n t e d h e r e b e r e a l i z e d , 
i n e l a s t i c s c a t t e r i n g e f f e c t s , f o r b o t h c r i t i c a l s c a t t e r i n g and s c a t t e r ­
i n g u n d e r g e n e r a l c o n d i t i o n s , s h o u l d b e c o n s i d e r e d . 
P o r t i o n s o f t h i s work a r e c o n t a i n e d i n two a r t i c l e s p u b l i s h e d 
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i n P h y s i c a l R e v i e w B b y H. A. G e r s c h and t h i s a u t h o r . ' 
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APPENDIX I 
THE TIME ORDERING OPERATOR 
I f t h e o p e r a t o r s Hq and <j> i n t h e e x p o n e n t i a l e x p ^ - i ( H Q + <j>)x 
( t - t ) / f i do n o t commute , t h e n t h e e x p o n e n t i a l c a n n o t b e w r i t t e n a s 
° J 
a s i m p l e p r o d u c t o f e x p o n e n t i a l s . H o w e v e r , i t i s o f t e n c o n v e n i e n t , 
and n e c e s s a r y , t o w r i t e t h i s e x p o n e n t i a l a s a p r o d u c t o f t e r m s , e a c h 
t e r m c o n t a i n i n g o n l y o n e o f t h e o p e r a t o r s . T h i s i s p o s s i b l e by u t i ­
l i z i n g t i m e o r d e r i n g o p e r a t o r s . 
I n t h i s a p p e n d i x i t i s shown t h a t 
- i ( H + 4 > ) ( t - t ) / f i - i H t/fi 
e ° ° = e ° 
" N d t l * ( V 
t iH t /fl 
o o ( 1 . 1 ) 
To show t h i s , a f u n c t i o n A ( t ) i s d e f i n e d s u c h t h a t 
- i ( H +<})) ( t - t )/fl - i H ( t - t )/fi 
o o o o . ,
 x 
e = e A ( t ) ( 1 . 2 ) 
The p r o b l e m now b e c o m e s o n e o f d e t e r m i n i n g t h e f u n c t i o n a l form o f A ( t ) 
T a k i n g t h e t i m e d e r i v a t i v e o f Eq. ( 1 . 2 ) and m u l t i p l y i n g t h e r e s u l t i n g 
e q u a t i o n by e x p iH ( t - t ) / f i \ y i e l d s 
L o o J 
iH ( t - t )/h - i ( H +<J>) ( t - t )/h . iH ( t - t i T T o o N o T o 1 o 
— H e e e 
h o h 
- ± ( H o + t ) < t - t o ) / f t ( t ) 
x 4 e = - - H Q A ( t ) + - ^ r 
From Eq. ( 1 . 2 ) , 
iH ( t - t )/h - i ( H +<j>)(t-t 
. - v o o o o A ( t ) = e e 
T h e r e f o r e , Eq. ( 1 . 3 ) b e c o m e s 
iH ( t - t )/fi - i ( H +(J>) ( t - t ) / f t 
o o , ~ 
e q> e 
d A ( t ) l o o 
— = - — P 
d t h 
I n s e r t i n g t h e i d e n t i t y o p e r a t o r 
- i H ( t - t ) f i iH ( t - t )/fi 
o o o o 
I = e e 
i n t o Eq. ( 1 . 5 ) and u s i n g Eq. ( 1 . 4 ) , Eq. ( 1 . 5 ) b e c o m e s 
i i M - - ± + ( t - t >A(t) 
d t fi o 
w h e r e 
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iH ( t - t ) - i H ( t - t ) 
< D ( t - t o ) = e ° ° <D e ° ° ( 1 . 8 ) 
i s i n t h e i n t e r a c t i o n p i c t u r e . I n t e g r a t i n g Eq. ( 1 . 7 ) , and u s i n g t h e 
i n i t i a l c o n d i t i o n A ( t ) = 1» f rom Eq. ( 1 . 4 ) , y i e l d s 
. t 
fl I 1 1 o 1 
o 
o r , a f t e r s u c c e s s i v e i t e r a t i o n s , 
2 t t . 
A ( t ) « i - i J d t * ( t - t ) + (- ± ) J d t x I d t 2 • ( V t o ) * ( t 2 - t o ) 
t v ' t t 
o o o 
+ . . . ( I . 1 0 ) 
U s i n g Eq. ( 1 . 8 ) , Eq. ( I . 1 0 ) may b e r e w r i t t e n a s 
- i H t I fx ( . t 
A ( t ) - e ° ° d t ^ ( t l ) 
o 
/ . \ 2 " "1 ) iH t /fl 
The t i m e o r d e r i n g o p e r a t o r , T , i s d e f i n e d s u c h t h a t 
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T + [ ( | ) ( t 1 ) ( | ) ( t 2 ) ] = 
4 ) ( t 1 ) 4 > ( t 2 ) t ± ^ t 2 
<() ( t 2 )<( ) ( t 1 ) t 2 ^ t x 
( 1 . 1 2 ) 
N o t i c e t h a t , 
+ 
r t - | 2 r t t -i 
; dt ^(t ) = T + ; dt ; dt * ( t )D>(t ) 
- 1 J Lt_ t_ 
= T 
+ 
o o 
t 2 
; d t 1 ; d t 2 <T)(t1)(|)(t2) + J d t 1 J d t 2 <T)(t1)(T)(t2) 
L t t 
O O t t 
o o 
( 1 . 1 3 ) 
w h e r e t h e m a t h e m a t i c a l i d e n t i t y 
a x a b 
; dx ; dy f ( x ) g ( x ) = ; dx ; dy f ( X ) g ( y ) 
o o o o 
y b 
+ J' dx J dy f ( x ) g ( y ) 
o o 
( 1 . 1 4 ) 
h a s b e e n u t i l i z e d . T h e r e f o r e , p e r f o r m i n g t h e t i m e o r d e r i n g and m a k i n g 
a c h a n g e o f i n t e g r a t i o n v a r i a b l e s , 
+ 
^ 2 t t . 
L t 
J d t 1 ( K ^ ) = 2 J d t x J d t 2 < | ) ( t 1 ) ( f ) ( t 2 ) ( 1 . 1 5 ) 
t t 
o o 
1 5 8 
S i m i l a r l y , i t c a n b e shown t h a t 
+ 
- 1 - ,n 
J ' d t 0 ( t ) 
_ t 
t t . 
'1 n - l 
= n» j dt± J d t 2 . . . J d t n H t ± ) H t 2 ) 
t t 
o o 
. * ( t n ) ( 1 . 1 6 ) 
T h e r e f o r e , Eq. ( I . 1 1 ) c a n b e w r i t t e n a s 
A ( t ) = e 
- i H t Ifi 
o o 
oo / 
+ n : 
n=0 ^ ;
 d t i * ( t i > 
iH t / f j 
o o ( 1 . 1 7 ) 
o r , more c o m p a c t l y and f o r m a l l y a s 
A ( t ) = e 
- i H t lf\ 
o o 
- 0 ' d t i * ( t l ) 
L T + e 
o o ( 1 . 1 8 ) 
S u b s t i t u t i n g t h i s e x p r e s s i o n f o r A ( t ) b a c k i n t o Eq. ( 1 . 2 ) y i e l d s 
- i ( H +(f>) ( t - t )/fJ - i H t/fi 
o o o 
e = e 
4 / d t i * ( V iH t / f ] 
e ° ° ( 1 . 1 9 ) 
w h i c h i s Eq. ( 1 . 1 ) . 
Making t h e i d e n t i f i c a t i o n H Q = + R^, i n Eq. ( 1 . 1 9 ) g i v e s Eq, 
( 3 . 1 4 ) i n t h e t e x t , and Eq. ( 3 . 1 5 ) i n t h e t e x t c a n b e o b t a i n e d f r o m 
t h e same a n a l y s i s p r e s e n t e d i n t h i s a p p e n d i x . 
1 5 9 
APPENDIX I I 
CORRELATIONS OF FLUCTUATIONS OF AN EXTENSIVE VARIABLE 
C o n s i d e r a s y s t e m w i t h f i x e d v o l u m e V d i v i d e d up i n t o M i d e n t i c a l 
c e l l s . C o n s i d e r o n e a r b i t r a r y e x t e n s i v e v a r i a b l e , y , ( o t h e r t h a n V) o f 
t h e s y s t e m , h o l d i n g a l l o t h e r v a r i a b l e s f i x e d , and l e t y ^ d e n o t e t h e 
t h 
v a l u e o f y i n t h e k c e l l . A s t a t i s t i c a l s t a t e o f t h e s y s t e m i s g i v e n 
b y s p e c i f y i n g t h e v a l u e o f y i n a l l c e l l s , i . e . , b y t h e s e t o f n u m b e r s 
{ y ^ } . Assume t h a t t h e f r e e e n e r g y , F , o f t h e s y s t e m i s g i v e n b y t h e 
q u a d r a t i c form 
w h e r e C i s a c o n s t a n t and t h e c o n s t a n t a, „ i s a m e a s u r e o f t h e i n t e r -
k£ 
t h t h 
a c t i o n b e t w e e n t h e k c e l l and t h e £ c e l l , and i s s y m m e t r i c , i . e . , 
a i
 n
 =
 a„ , . The v a r i a b l e z, i s t h e f l u c t u a t i o n o f y, a b o u t i t s mean 
k£ £k k k 
v a l u e y , i . e . , 
L k £ Z k Z £ ( I I . 1 ) 
= y-k - y ( I I . 2 ) 
The p r o b a b i l i t y , P , o f f i n d i n g t h e s y s t e m i n s t a t e {y , } i s g i v e n 
by 
1 6 0 
E 
P = C e 
2
 ft a k £ V £ ( I I . 3 ) 
w h e r e C i s a c o n s t a n t , and 
e = ( k f i T ) 
- 1 ( I I . 4 ) 
C o n s i d e r i n g a ^ t o b e t h e e l e m e n t s o f a m a t r i x A, i . e . , 
A = 
a l l a l 2 * ' ' a l M 
l 2 1 
^ 1 MM 
( I I . 5 ) 
t h e n , i n m a t r i x n o t a t i o n , 
E a, „z, z„ k£ k I z Az ( I I . 6 ) 
w h e r e z i s t h e co lumn m a t r i x 
z ( I I . 7 ) 
M 
1 6 1 
and z i s t h e t r a n s p o s e o f z . 
I n o r d e r t o e x p r e s s Eq. ( I I . 6 ) i n t e r m s o f n o r m a l c o o r d i n a t e s , 
{ a } , t h e f o l l o w i n g e i g e n v a l u e e q u a t i o n i s s o l v e d f o r i t s e i g e n v e c t o r s , 
iv. 
{b } , and e i g e n v a l u e s , {X } 
m m 
Ab = X b 
m m m 
( I I . 8 ) 
w h e r e 
b = 
m 
lm 
2m 
Mm 
( I I . 9 ) 
T 
S i n c e A i s s y m m e t r i c , i . e . , A = A , i t s e i g e n v e c t o r s a r e o r t h o g o n a l , 
i . e . , 
b^b _ 6 ( 1 1 . 1 0 ) 
w h e r e c i s a c o n s t a n t . E q u a t i o n ( I I . 8 ) d o e s n o t u n i q u e l y d e t e r m i n e t h e 
e i g e n v e c t o r s ; t h e r e f o r e , a n o r m a l i z a t i o n c o n d i t i o n c a n b e i m p o s e d . 
R e q u i r i n g c = 1 , 
b^b ~ 6 ( 1 1 . 1 1 ) 
1 6 2 
The n o r m a l c o o r d i n a t e s , { a , } , a r e d e f i n e d b y 
z = Ba ( 1 1 . 1 2 ) 
w h e r e 
b l l b 1 2 b l M 
'21 
B = ( 1 1 . 1 3 ) 
Ml MM 
and 
a = 
M 
( 1 1 . 1 4 ) 
N o t i c e , f rom Eq. ( 1 1 . 1 1 ) , t h a t t h e m a t r i x B i s o r t h o g o n a l , i . e . , 
T - 1 
B = B . I n t e r m s o f B, t h e e i g e n v a l u e e q u a t i o n , Eq. ( I I . 8 ) , c a n 
b e w r i t t e n i n m a t r i x n o t a t i o n a s 
AB = BA ( 1 1 . 1 5 ) 
1 6 3 
w h e r e 
0 
A = ( 1 1 . 1 6 ) 
0 M 
From E q s . ( 1 1 . 1 2 ) , ( 1 1 . 1 5 ) and ( 1 1 . 1 6 ) and u s i n g t h e f a c t t h a t B i s 
o r t h o g o n a l , Eq. ( I I . 6 ) c a n b e w r i t t e n 
z A z = a B A B a = a A a = a , A 
k k 
( 1 1 . 1 7 ) 
T h u s , i n t e r m s o f n o r m a l c o o r d i n a t e s , t h e p r o b a b i l i t y P , Eq. ( I I . 3 ) , 
b e c o m e s 
P ( a ) = C e 
~ 2 F V K k ( 1 1 . 1 8 ) 
The c o r r e l a t i o n b e t w e e n z and z i s , f rom E q s . ( 1 1 . 1 2 ) - ( 1 1 . 1 4 ) , 
< Z k Z £ > = S \ m b £ n < V n > 
( 1 1 . 1 9 ) 
m,n 
and i n t e r m s o f P ( a ) , Eq. ( 1 1 . 1 8 ) , t h e c o r r e l a t i o n b e t w e e n a and a 
m n 
i s g i v e n by 
164 
00 00 
r ••• r da- . . . da a a P ( a ) 
-i L 1 M
 m n (a a ) = 
m n 0 0 0 0 
J* . . . J* d a x . . . d a M P ( a ) 
—oo — oo 
6 2 , 6 2 , 
° °
 0 0
 - T a 1 - — a A 
p , p , 2 m m 2 n n da da a a e e 
^ m d n m n 
-00 —00 
6 2 , 6 2 , 
00 0° - — a A - — a A 2 m m 2 n n f da f da e e 
«J m «J n 
—00 —00 
6 (6A ) 1 ( 1 1 . 2 0 ) 
m,n m 
T h e r e f o r e , Eq. ( 1 1 . 1 9 ) b e c o m e s 
< V i > • e _ 1 = e - ^ B X - V ) ^ (11 .21) 
m m 
o r , f rom Eq. ( 1 1 . 1 5 ) and u s i n g t h e f a c t t h a t B i s o r t h o g o n a l , 
< V i > = 9 " 1 ( A _ 1 ) k £ ( I I - 2 2 ) 
w h i c h i s Eq. ( 5 . 3 1 ) i n t h e t e x t . 
The c o r r e l a t i o n o f t h r e e z ' s i s g i v e n by 
< z . Z l z n > = T b . b. b 0 <a a a > ( 1 1 . 2 3 ) N
 i k £ ' i m k n £ p N m n p / 
m , n , p 
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and 
(a a a ) = 
m n p ' 
P da f da \ da a a a e 
•J m « J n J p m n p 
- T T a A + a A + a A 
2 | _ m m n n P P J 
— 00 —00 
f da f da f da e 
«J m «J n d p 
E " 
" 2[_ a 
2 2 2 A + a A + a A 
m m n n p p_ 
,- = 0 ( 1 1 . 2 4 ) 
s i n c e 
E 2^ 
0 0
 - y a A 
J d a a n e = 0 (n o d d ) ( 1 1 . 2 5 ) 
T h e r e f o r e , 
< Z J Z K V = 0 ( I I * 2 6 ) 
w h i c h i s Eq. ( 6 . 7 ) i n t h e t e x t . I n f a c t , f rom Eq. ( 1 1 . 2 5 ) , i t f o l l o w s 
t h a t t h e c o r r e l a t i o n o f a n y odd number o f z ' s i s z e r o . 
The c o r r e l a t i o n o f f o u r z ' s i s g i v e n b y 
< z . z . Z l z n ) = 2 ^ b . b . b, b„ <a a a a > ( 1 1 . 2 7 ) 1 J k I ' " 1 m j n kp £q N m n p q ' J
 m , n , p , q J v H 
I t i s e a s i l y s h o w n , u s i n g E q s . ( 1 1 . 2 0 ) and ( 1 1 . 2 5 ) , t h a t 
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( a a a a ) 
m n p q ' 
(0A ) 1 ( 9A ) 1 = <a a > < a a > i f m = n / p 
m p N m n / X p q / ' r 
(6A ) 1 ( 0 X ) 1 = <a a > < a a > i f m = p / n 
m n N m p / N n q ' ' 
(6X ) _ 1 ( e X ) - 1 = <a a )<a a ) 
m n N m q ' N n p ' 
_ 2 
3(GX ) = (a a ) ( a a ) + (a a ) ( a a ) 
m ^ m n ' ^ p q ' N m p ' N n q ' 
q 
q 
i f m = q ^ n = p 
+ (a a ) ( a a ) 
m q / N n p 7 
i f m = n = p 
o t h e r w i s e ( 1 1 . 2 8 ) 
o r 
(a a a a ) = (a a ) ( a a ) + (a a ) ( a a ) 
m n p q 7 m n ' p q ' m p ' n q ' 
(a a ) ( a a ) 
m q ' n p ' ( 1 1 . 2 9 ) 
T h e r e f o r e , f rom Eq. ( 1 1 . 1 9 ) , Eq. ( 1 1 . 2 7 ) b e c o m e s 
< z . z . z . z ) = < z . z . ) < z 1 z 0 ) + ( z . z . } ( z . z n ) 
+ < z . z > < z . z ) ( 1 1 . 3 0 ) 
w h i c h i s Eq. ( 6 . 8 ) i n t h e t e x t . 
S i m i l a r c a l c u l a t i o n s o n h i g h e r o r d e r c o r r e l a t i o n s o f any e v e n 
number o f z ' s w i l l show t h a t t h e y a l s o d e c o m p o s e i n t o sums o f p r o d u c t s 
o f p a i r c o r r e l a t i o n s . 
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APPENDIX I I I 
EVALUATION OF THE INTEGRAL G ( k . , 0 , K ) 
1 O J-
I n t h i s a p p e n d i x , t h e i n t e g r a l 
2ir TT T 2 2 9 1 2 ~ l _ 1 
G ( k i , 9 S , K 1 ) = J dc}^ J d 9 1 s i n 0 1 | 4 k ± s i n — + K]J 
0 0 
[bk2± s i n 2 Y~ + K 2 ] ( I I I . l ) 
i s e v a l u a t e d i n t h e s m a l l - a n g l e a p p r o x i m a t i o n , i . e . , s i n 0 = 0 . The 
a n g l e s 0^ and 0^ a r e t h e i n t e r m e d i a t e s c a t t e r i n g a n g l e s a s s o c i a t e d 
w i t h , r e s p e c t i v e l y , t h e f i r s t and s e c o n d s c a t t e r i n g e v e n t s . The a n g l e 
©2 w i l l d e p e n d on 8 , <J>^  and t h e s c a t t e r i n g a n g l e 0 g . 
C o n s i d e r two c o o r d i n a t e s y s t e m s , S and S^. The o r i g i n o f t h e S 
s y s t e m i s l o c a t e d a t t h e f i r s t s c a t t e r i n g e v e n t w i t h i t s z - a x i s i n t h e 
d i r e c t i o n o f k_ ,^ and t h e o r i g i n o f t h e s y s t e m i s l o c a t e d a t t h e 
^ -> 
s e c o n d s c a t t e r i n g e v e n t w i t h i t s z - a x i s i n t h e d i r e c t i o n o f q , s e e 
F i g u r e 5 a . The s c a t t e r i n g a n g l e , 0 ^ , i s d e f i n e d a s t h e a n g l e b e t w e e n 
k_^  and k^, s e e F i g u r e 5 b . S i n c e t h e d i s t a n c e f rom t h e t a r g e t t o t h e 
d e t e c t o r i s much g r e a t e r t h a n t h e d i s t a n c e b e t w e e n t h e two s c a t t e r i n g 
e v e n t s , f o r t h e p u r p o s e o f e v a l u a t i n g G t h e o r i g i n s o f S and S^ c a n 
b e c o n s i d e r e d t o c o i n c i d e w i t h n e g l i g i b l e e r r o r , s e e F i g u r e 5 c . The 
a n g u l a r c o o r d i n a t e s o f k a r e ( 0 C , 4 > C ) a s m e a s u r e d i n S and (6 ,(}) ) a s 
T O O Z Z 
1 6 8 
m e a s u r e d i n S% and t h e a n g u l a r c o o r d i n a t e s o f q a r e ( 0 ^ , < J ) ^ ) a s m e a s u r e d 
i n S . 
Now, t o e v a l u a t e G, t h e a n g l e 0 ^ must b e d e t e r m i n e d i n t e r m s o f 
t h e a n g l e s 0 ^ , <f>^ and 0 ^ . The o n l y r e s t r a i n t s on S and s o f a r h a v e 
b e e n t h a t t h e z - a x i s b e a l o n g k^ and t h a t t h e z ^ - a x i s b e a l o n g q . The 
o r i e n t a t i o n s o f t h e x - , y - , x ' - and y ' - a x e s h a v e n o t b e e n f i x e d . T h e r e ­
f o r e , l e t t i n g t h e S s y s t e m b e f i x e d , t h e s y s t e m c a n b e g e n e r a t e d from 
4 1 
t h e S s y s t e m b y r o t a t i o n s t h r o u g h two E u l e r i a n a n g l e s : 
( 1 ) R o t a t e S c o u n t e r c l o c k w i s e a b o u t t h e z - a x i s t h r o u g h an 
a n g l e TT/2 + <J>^  t o o b t a i n t h e x - a x i s , and 
( 2 ) r o t a t e t h e s y s t e m o b t a i n e d from t h e a b o v e r o t a t i o n a b o u t 
t h e x ' - a x i s t h r o u g h an a n g l e 0 ^ t o o b t a i n t h e y"- and 
z ' - a x e s . 
Now, t h e c o o r d i n a t e s ( x ' , y % z ' ) o f a p o i n t m e a s u r e d i n a r e r e l a t e d 
t o t h e c o o r d i n a t e s ( x , y , z ) o f t h e same p o i n t m e a s u r e d i n S by 
x - s i n c o s 
• c o s $ c o s 0 ^ - s i n <J>^ c o s 9 ^ s i n 0 ^ 
c o s <J>^ s i n 0 ^ s i n s i n 0 ^ c o s 9 ^ ( I I I . 2 ) 
W r i t i n g Eq. ( I I I . 2 ) i n t e r m s o f s p h e r i c a l p o l a r c o o r d i n a t e s , t h e r e 
r e s u l t s , f o r a n y f i x e d p o i n t a l o n g k , t h e a n g u l a r e q u a t i o n s 
169 
s i n 0£ c o s <j>2 
s i n 0 2 s m $2 
c o s 
'2 - I 
- s m c o s (J) 0 
• c o s <J> c o s 0^ - s i n <^ c o s 6^ s i n 8^ 
c o s (J)^  s i n 8^ s i n <J)^  s i n 6^ c o s 0^_, 
s m 0 c o s <f> 
O O 
s i n 8 s i n <f) 
o o C O S (III.3) 
o r 
s m 0_ c o s <p9 = - s i n <J> s m 0 c o s <p 
Z Z l o o 
4- c o s <j>^  s i n 8^ s i n (J)g (III.4) 
s i n 8 2 s i n <f>2 = - c o s <J)^  c o s 6^ s i n 8^ c o s <J)g 
- s i n <J> c o s 6^ s i n eg s i n <j>s + s i n 6^ c o s 8g 
(III.5) 
c o s 8 9 = c o s <J) s i n 8 s i n 8 c o s <J) 
Z 1 1 o o 
+ s i n (J)_ s i n 8 s i n 8 s i n <j> 4- c o s 8- c o s 8 Q 
1 1 o o 1 o 
(III.6) 
T h e s e t h r e e e q u a t i o n s a r e n o t l i n e a r l y i n d e p e n d e n t . S q u a r i n g E q s . (III.4) 
and (III.5) , t h e n a d d i n g them t o g e t h e r y i e l d s Eq . (III.6), w h i c h c a n b e 
1 7 0 
w r i t t e n a s 
c o s 0~ = s i n 0 s i n 0 c o s (<})-.-cj> ) + c o s 0 c o s 0 ( I I I . 7 ) 
o r 
2 ° 2 I T 1 
s i n — = — 1 - s i n 0^ s i n 0 g cos(cj>^-(j> s) - c o s 0^ c o s 0 g ( I I I . 8 ) 
U s i n g Eq. ( I I I . 8 ) , t h e i n t e g r a l G, Eq. ( I I I . l ) , i n t h e s m a l l - a n g l e 
a p p r o x i m a t i o n , b e c o m e s 
G(k . O g , ^ ) = I d + 1 l&\ \ 0 0 
* [k2iei+4] 1 [ki(9i+es-2eies cos V +Ki] - 1 ( I I I . 9 ) 
w h e r e (f> h a s b e e n s e t e q u a l t o z e r o , s i n c e , a s c a n e a s i l y b e s h o w n , t h e 
42 
i n t e g r a l G i s i n d e p e n d e n t o f cf> . Now, G i s e a s i l y e v a l u a t e d and y i e l d s 
GOc^eg.K ) « - y - 2 
—T: in 
k t V ^ x ( x + 4 ) 2 
x 3 + 3 x + ( x 2 + l ) ( x 2 + 4 ) ^ 
( x + 4 ) ^ - x 
( I I I . 1 0 ) 
w h e r e x = k 6gK^\ w h i c h i s Eq. ( 6 . 3 8 ) i n t h e t e x t . 
1 7 1 
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APPENDIX IV 
EVALUATION OF THE INTEGRAL - J d \ e 1 y_. *^pN'^(~)] 
I n t h i s a p p e n d i x , t h e i n t e g r a l a p p e a r i n g i n Eq. ( 7 . 1 5 ) i n t h e 
t e x t i s e v a l u a t e d and shown t o b e 
—ik • r 
I = - / d 3 r e 1 Y ^ V ^ ( r ) ] = 4 7 7 ( V V ( ^ j * V ( I V - 1 > 
L e t t i n g 
<K?) - y N - v ( ^ ) ( I V . 2 ) 
and 
- i k »r 
A = e y . ( I V . 3 ) 
J 
19 
and u s i n g t h e v e c t o r i d e n t i t y 
V« ((J)A) = A-V(J> + (J>V-A ( I V . 4 ) 
The i n t e g r a l I i s g i v e n b y 
I = j d 3 r <K?)V-X " J "^(<(>A) ( I V . 5 ) 
1 7 3 
19 
J d 3 r V-(<J>X) = J 4>A.dS = J e 1 y N ^ ( r ) i y d S ( I V . 6 ) 
w h e r e t h e l i m i t s o f i n t e g r a t i o n on t h e i n t e g r a l on t h e r i g h t - h a n d - s i d e 
o f E q . ( I V . 6 ) a r e o v e r t h e s u r f a c e , S , b o u n d i n g t h e ( i n f i n i t e ) v o l u m e 
o f i n t e g r a t i o n o f t h e i n t e g r a l o n t h e l e f t - h a n d - s i d e o f E q . ( I V . 6 ) . I n 
t h e l i m i t S -> °°, t h e i n t e g r a l o n t h e r i g h t - h a n d - s i d e o f E q . ( I V . 6 ) 
4 3 
v a n i s h e s a s a c o n s e q u e n c e of t h e R i e m a n n - L e b e s q u e l e m m a . T h e r e f o r e , 
t h e i n t e g r a l I , f r o m E q . ( I V . 5 ) , b e c o m e s 
' k 
I = J* d 3 r <K?)V-A = J d 3 r yN-v(^)v- e 1 1 * y\J ( I V . 7 ) 
Now, 
i - i - i k - , * r 
* 1 ^ N 1 • r _ i k i ' r - > " V- | e | = - ± ( | i - k x ) e A ( I V . 8 ) 
T h e r e f o r e , 
- i k „ « r 
I = - i ( y • % ) J d3r e 1 V^(r) (IV'9) 
T h e i n t e g r a l I now h a s t h e s a m e f o r m a s i t d i d i n E q . ( I V . 1 ) . T h u s , now 
From t h e d i v e r g e n c e t h e o r e m , t h e s e c o n d i n t e g r a l on t h e r i g h t -
h a n d - s i d e of E q . ( I V . 5 ) c a n b e w r i t t e n a s 
1 7 4 
l e t t i n g 
<f>(?) = ^ ( I V . 1 0 ) 
and 
A = e l k ' r y N ( I V . 1 1 ) 
and f o l l o w i n g t h e same a n a l y s i s a s p r e s e n t e d from Eq. ( I V . 4 ) t o Eq. 
( I V . 9 ) g i v e s 
- i • r 
I = ( y ^ M y . . ^ ) j d 3 r ^ ( I V . 1 2 ) 
The i n t e g r a l i n Eq. ( I V . 1 2 ) f o r m a l l y d i v e r g e s b u t c a n b e e v a l ­
u a t e d w i t h t h e h e l p o f a c o n v e r g e n c e f a c t o r , 
- i k ^ - r - i k ^ - r 
o , 3 e l i m n . 3 e - a r d r — ->
 A d r — e J r a->0 «J r 
l i m 
a->0 
4TT 
2 2 
k 1 +a 
4TT ( I V . 1 3 ) 
T h e r e f o r e , 
I = 4 7 T ( y N - k 1 ) (jj • k 1 ) ( I V . 1 4 ) 
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w h e r e 
i 3 ( I V . 1 5 ) 
w h i c h i s Eq . ( 7 . 1 5 ) i n t h e t e x t . 
1 7 6 
APPENDIX V 
H t o t " H - V B H ( V A ) 
where H i s the Heisenberg Hami l ton ian , Eq. ( 7 . 5 1 ) , and i s the magnet ' s 
t o t a l s p i n , i . e . , 
S T = E s . ( V . 2 ) 
j 
S i n c e t h e m a g n e t i s i n i t s p a r a m a g n e t i c s t a t e , i t s mean m a g n e t i c moment , 
(M), and t h e f i r s t d e r i v a t i v e o f i t s mean m a g n e t i c moment w i t h r e s p e c t 
t o H w i l l e s s e n t i a l l y b e i n t h e d i r e c t i o n o f H . T h e r e f o r e , 
THE ZERO-FIELD ISOTHERMAL SUSCEPTIBILITY 
FOR A FERROMAGNET AT T > T 
c 
I n t h i s a p p e n d i x , t h e z e r o - f i e l d i s o t h e r m a l s u s c e p t i b i l i t y f o r 
a f e r r o m a g n e t i n i t s p a r a m a g n e t i c s t a t e (T > T ) i s d e t e r m i n e d i n t e r m s 
c 
o f t h e s p i n - s p i n c o r r e l a t i o n f u n c t i o n , a s g i v e n by Eq . ( 7 . 6 9 ) i n t h e 
t e x t . 
C o n s i d e r a f e r r o m a g n e t i n i t s p a r a m a g n e t i c s t a t e (T > T^) i n 
t h e p r e s e n c e o f a s m a l l e x t e r n a l m a g n e t i c f i e l d H , and w h o s e H a m i l t o n i a n 
i s g i v e n by 
177 
w h e r e Xrj-,(W) i s t h e i s o t h e r m a l s u s c e p t i b i l i t y . The m a g n e t ' s mean m a g n e t i c 
moment i s g i v e n b y 
<M> - 8 e U B < S T > = g e u B Z tr\ -
1
 t r ( ? e t 0 t B J ( V . 4 ) 
w h e r e Z, t h e p a r t i t i o n f u n c t i o n , i s g i v e n b y 
Z = t r e 
-H / k T 
t o t B ( V . 5 ) 
and t r s t a n d s f o r t r a c e . From Eq. ( V . 4 ) , 
f±&l) = a
 u L Z - 2 t _ 
V AN )T 8 e y B J Z T R 
-> t o t B 1 
S T e 
+ Z t r 
, -H / k „ T 
^ / t o t ' B 
b T V 3H 
T - i 
( V . 6 ) 
From Eq. ( V . l ) , 
Be t o t ' B" 
8 t f 
T k B T 
e^B t o t ' B T 
e 
H 
( V . 7 ) 
t h u s , 
\8H K 
2 u 2 
"k-fS" < s T ( S - s T ) > 
B ( 
<s T ><S.s T > ( V . 8 ) 
1 7 8 
and 
2 2 
The z e r o - f i e l d i s o t h e r m a l s u s c e p t i b i l i t y i s d e f i n e d a s 
x T = x T ( « ) ( V . 1 0 ) 
From Eq. ( V . l ) , i n t h e l i m i t H •> 0 , 
H = H ( V . l l ) 
t o t 
i . e . , t h e t o t a l H a m i l t o n i a n i s g i v e n by t h e H e i s e n b e r g H a m i l t o n i a n . 
T h e r e f o r e , i n t h i s l i m i t , 
< (S . t ) 2 > = H V < S ^ > = H V £ < S ^ 3 > 
= ^ H 2 E < s , - s £ > ( V . 1 2 ) 
j 
w h e r e t h e i n v a r i a n c e t o s i m u l t a n e o u s r o t a t i o n o f t h e s p i n s , Eq. ( 7 . 5 8 ) , 
i m p l i e d by t h e H e i s e n b e r g H a m i l t o n i a n h a s b e e n u s e d . A l s o , i n t h e 
l i m i t H -> 0 
<f?.s T> 2 = H A H 3 <s*><s 3 > = 0 ( V . 1 3 ) 
1 7 9 
ot 
s i n c e ( S ^ ) = 0 f o r a f e r r o m a g n e t i n i t s p a r a m a g n e t i c s t a t e i n t h e 
a b s e n c e o f an e x t e r n a l m a g n e t i c f i e l d . T h u s , f rom Eq. ( V . 9 ) . 
2 2 
T X T = ^t~ £ <VV ( V ' 1 4 ) 
For a t r a n s l a t i o n a l l y i n v a r i a n t s p i n s y s t e m , 
E ( t ' S ^ ) = N E < S 0 - % > ( V . 1 5 ) 
Now, 
N E < S 0 ' % > = N E 6 ( R £ - R ) y ( R ) 
o o i k • ( R - R ) 
E J d 3 R J d V e 1 £ y ( S ) ( V . 1 6 ) 
(2TT) I 1 
w h e r e y ( R ) = (S -S^- ) . S i n c e t h e r e i s o n l y o n e a t o m p e r u n i t c e l l , 
- i k « R „ ^ ^ 
L e Z = (2TT) p E S C ^ - T ) ( V . 1 7 ) 
I T 
w h e r e T i s a r e c i p r o c a l l a t t i c e v e c t o r . T h e r e f o r e , 
1 8 0 
and 
N E < S n ' S £ > = Np £ f d 3 R e ± T ' R y ( R ) ( V . 1 8 ) 
T X r p = 
XT 2 2 
N g e y B 
3k 
B 
—ix*R -> 
y ( R ) ( v . 1 9 ) 
w h i c h i s Eq. ( 7 . 6 9 ) i n t h e t e x t . 
1 8 1 
APPENDIX VI 
w h e r e , f rom Eq. ( 8 . 1 0 ) , 
_ . A 3 Y 5 1 M T r g e m / I a 3 y 51
 V 
N 2 I rn^c y X I 1 N N N N 1 i ' 
(4 7 T g e ^ \ a 3 Y <S. f 0 , 
— ° — I <s . T s . T s ' s , T \ T ( V I . 2 ) 
m^c / x N N N N'N 
from Eq. ( 8 . 5 ) , 
P a ( k 9 ) = { S . - k 9 ( S . . k 9 ) } a ( V I . 3 ) J 2 j I j I 
and from Eq. ( 8 . 1 2 ) , 
EVALUATION OF THE NEUTRON SPIN MATRIX ELEMENTS 
FOR DOUBLE SCATTERING 
I n t h i s a p p e n d i x , i t i s shown t h a t , a s g i v e n by Eq. ( 8 . 1 1 ) i n 
t h e t e x t , 
1 8 2 
f = l 4 T { [ 1 + ( k 2 ' V 2 ] [ 1 + ( k l - V 2 ] + ^ 2 , V ( i l , i 3 ) ( V V , ( i l x i 3 ) } 
( V I . 4 ) 
U t i l i z i n g t h e i n v a r i a n c e o f t h e t a r g e t s p i n s y s t e m t o s i m u l t a ­
n e o u s r o t a t i o n s o f t h e s p i n s , Eq. ( 7 . 5 8 ) , i t i s e a s i l y shown t h a t 
< ^ 2 < < ^ > - I K B - k ? 2 - KK+ KK <VV]<VV 
( V I . 5 ) 
w h e r e d e n o t e s t h e a - c o m p o n e n t o f t h e u n i t v e c t o r . S i m i l a r l y , 
<?\<hK^ = KVY - kl3KI - k 3 k 3 + k l k 3 ( V V ] M B > 
( V I . 6 ) 
From Eq. ( V I . 2 ) , 
< s X T s . T s ' s . T ) . T = 2 t r ( s - T s . T s . T s . T ) N
 N N N N'N N N N N 
= 2 t r ( s 6 s a s 6 s Y ) = < s 6 s a s 3 s Y ^ (VI 7) 
w h e r e t h e f a c t t h a t t h e t r a c e ( t r ) o f a p r o d u c t o f o p e r a t o r s i s i n v a r ­
i a n t u n d e r a c y c l i c p e r m u t a t i o n o f t h o s e o p e r a t o r s h a s b e e n u s e d . From 
E q s . ( V I . 2 ) , ( V I . 5 ) , ( V I . 6 ) and ( V I . 7 ) , i t i s e a s i l y shown t h a t 
1 8 3 
V 9 < P N
( V - P N ( k 2 ) P N ( k l ) - P N ( k 3 ) > N < Y S n > < V S , „ > ( V I " 8 ) 
where p ^ ( k ^ ) i s t h e t w o - d i m e n s i o n a l v e c t o r component of s^ p e r p e n d i c u l a r 
t o k^ , i . e . , 
P N ( K V = H ~ k i ( V k i } ( V I - 9 ) 
Comparing E q . ( V I . 8 ) w i t h Eq. ( V I . 1 ) , o n e o b t a i n s 
f =
 9 ^ N ( k 4 ) - P N ( k 2 ) P N ( S l ) - P N ( S 3 ) > N ( V I ' 1 0 ) 
N o t i c e , t h a t i f k^ = k^ and k^ = k ^ , t h e n 
V V ' V V = = P N = \ ( V I - 1 1 ) 
a c - n u m b e r , and 
f = j o ~ ( V I . 1 2 ) 
i n a g r e e m e n t w i t h Eq. ( 8 . 1 8 ) . 
O b t a i n i n g f i n t h e e x p l i c i t form g i v e n by Eq. ( V I . 4 ) i s now a 
s t r a i g h t - f o r w a r d b u t t e d i o u s c a l c u l a t i o n . S u b s t i t u t i n g Eq. ( V I . 9 ) i n t o 
1 8 4 
Eq. ( V I . 1 0 ) , f c a n b e w r i t t e n a s a sura o f a v e r a g e s i n w h i c h a p p e a r s , i n 
e v e r y terra, f o u r n e u t r o n s p i n o p e r a t o r s . E x p l i c i t l y , 
F = 1 [ A ( 1 ) + A ( 2 ) + A ( 3 ) ] ( V I . 1 3 ) 
w h e r e 
= ^ T / V >N " < V S N ( S N ' V > " W V V >N 
< V " N ( ? N - k l ) 2 > N " < V V V k 3 ) 2 > N + < (V V 2 < V V 2 >N 
+
 < ^ N - k 4 > 2 ( V k 3 ) 2 > N + < ( V k 2 > 2 ( V V 2 > N + < ( \ - k 2 ) 2 ( V k 3 ) 2 > N 
( V I . 1 4 ) 
A = ( K 2 - K 4 ) < S N - S N S N - K 4 S N - K 2 ) N + ( K . K J ) ^ , . ^ S N - K L S N - K 3 > N 
- ( K 2 - K 4 ) < ( T N - K ) 2 J N - K S N - K 2 > N - ( K 2 - K 4 X ( V K I ) 2 V k 4 S N - K 2 > N 
( k ^ ) < ( s N - k 4 ) s ^ s N - k 3 ) N - ( k ^ ) < ( s N - k 2 ) s ^ s N - k 3 > N 
( V I . 1 5 ) 
A ( 3 ) = d 2 ^ ) d / k 3 ) $ ^ S N -k 2 s N - k x J N . k 3 > N ( V I . 1 6 ) 
Each o f t h e s e a v e r a g e s c a n b e e v a l u a t e d by n o t i n g t h a t 
x N N N N 'N 16 a , 6 3 , y a , y 3,<S a , 3 Y , S 
( 3 ) 
For e x a m p l e , A c a n b e w r i t t e n a s 
A - ( k 2 - k 4 ) ( k l . k 3 ) < s N s N s N s N ) N k 4 k 2 k l k 3 
T h u s , f rom Eq. ( V I . 1 7 ) , 
" 1 6 <VV<VV(EAEVE6YV + VEVXK2K{K3 
44 
w h e r e t h e i d e n t i t y 
A 3 V oyv a , o 3 , y a , y 3 , o 
45 
h a s b e e n u s e d , and w h e r e £
 n i s t h e p e r m u t a t i o n s y m b o l . Thus 
A 3 V 
A ( 3 ) = ( K ^ K ^ ' K ^ ) ( K 2 X K 4 ) - ( K L X K 3 ) + ( K ^ M K ^ K ^ J 
w h e r e t h e i d e n t i t y ^ 
£
 D e x K ^ K 0 K ] F K „ = ( K 0 X K . ) • ( K X K ) A 3 V 6 Y V 4 2 1 3 2 4 1 3 
h a s b e e n u s e d . 
S i m i l a r l y , i t c a n b e shown t h a t 
186 
w h i c h i s i d e n t i c a l t o Eq . ( V I . 4 ) . 
A ( 1 ) = \y ( V I . 2 3 ) 
I D 
and 
A ( 2 ) = ^ [ ( V ^ ) 2 + d 1 - k 3 ) 2 ] ( V I . 2 4 ) 
T h e r e f o r e , 
f = 3 ^ ^ i + ( k 2 - k 4 ) 2 + ( k 1 . k 3 ) 2 + ( k 2 - k A ) ( k 1 - k 3 ) ( k 2 x k A 
+ ( k 2 - k 4 ) 2 ( k 1 - k 3 ) 2 ] ( V I . 2 5 ) 
o r 
f = l 4 T { [ 1 + ( k 2 - k 4 ) 2 ] [ 1 + ( k l - k 3 ) 2 ] + ( k 2 - k 4 ) ( k l - k 3 ) ( V k 4 ) - ( W } 
( V I . 2 6 ) 
187 
REFERENCES 
1 . V. F. S e a r s , Adv . P h y s . 2 4 , 1 ( 1 9 7 5 ) . 
2 . G. H. V i n e y a r d , P h y s . R e v . 96>, 93 ( 1 9 5 4 ) . 
3 . L. Van H o v e , P h y s . R e v . 9 5 , 249 ( 1 9 5 4 ) . 
4 . L. 
Z. 
S . O r n s t e i n and F . Z e r n i k e , P r o c . S c i . Amsterdam 
P h y s . 1 9 , 1 3 4 ( 1 9 1 8 ) . 
7 9 3 ( 1 9 1 4 ) ; 
5 . M. J . K l e i n and L. T i s z a , P h y s . R e v . 7_6> 1 8 6 1 ( 1 9 4 9 ) 
• 
6 . L. Van H o v e , P h y s . R e v . 9 5 , 1 3 7 4 ( 1 9 5 4 ) . 
7 . M. E. F i s h e r , J . M a t h . P h y s . 5 , 9 4 4 ( 1 9 6 4 ) . 
8 . R. J . G l a u b e r , L e c t u r e s i n T h e o r e t i c a l P h y s i c s , V o l . 1 , B o u l d e r , 
1 9 5 8 , ( I n t e r s c i e n c e , New Y o r k , 1 9 5 9 ) , p . 3 1 5 . 
9 . I n s o l v i n g t h e s c a t t e r i n g p r o b l e m v i a t h i s m e t h o d , i p ( r , t ) f o r a l l t i m e s 
t m u s t , o f c o u r s e , s a t i s f y (H + (}>)ip(r,t) = I h ^ w h e r e (j> 
p o t 
i s t h e i n t e r a c t i o n b e t w e e n t h e p r o b e and t h e t a r g e t . F o r m a l l y , 
Eq. ( 2 . 1 1 ) i s s u c h a s o l u t i o n i f ^ ^ . ( r ) i s an e i g e n f u n c t i o n o f 
H + <p. T h i s a p p r o a c h i s c o n s i d e r e d i n d e t a i l f o r a f i x e d s c a t ­
t e r i n g c e n t e r by E. M e r z b a c h e r , Quantum M e c h a n i c s , 2nd Ed. ( W i l e y , 
New Y o r k , 1 9 7 0 ) , Chap. 1 1 . 
1 0 . The d e p e n d e n c e o f S on two wave v e c t o r s k^, k^ r a t h e r t h a n t h e 
s i n g l e w a v e v e c t o r d e p e n d e n c e o f S ( k , w ) o f t h e f i r s t Born a p p r o x i ­
m a t i o n , Eq. ( 4 . 2 6 ) , i s a c o n s e q u e n c e o f r e c o g n i z i n g t h e f i n i t e 
t a r g e t s i z e f o r m u l t i p l e s c a t t e r i n g ^ For a t r u l y t r a n s l a t i o n a l 
i n v a r i a n t ( i n f i n i t e ) t a r g e t , k^ = ~ ^ 4 > a n d S w o u l d d e p e n d o n l y on 
a s i n g l e w a v e v e c t o r ( s e e C h a p t e r V I ) . 
1 1 . P o s s i b l e g r a v i t a t i o n a l e f f e c t s t h a t c a n c a u s e a mean d e n s i t y 
g r a d i e n t i n t h e l i q u i d a r e n e g l e c t e d , i . e . , i t i s a s s u m e d t h a t 
Eq. ( 5 . 1 7 ) i s v a l i d . 
1 2 . H. E. S t a n l e y , I n t r o d u c t i o n t o P h a s e T r a n s i t i o n s and C r i t i c a l 
Phenomena ( O x f o r d U . P . , New Y o r k , 1 9 7 1 ) , Chap. 5 . 
188 
REFERENCES ( c o n t i n u e d ) 
1 3 . R e f e r e n c e 1 2 , Chap. 7 . 
1 4 . J . Mathews and R. L . W a l k e r , M a t h e m a t i c a l M e t h o d s o f P h y s i c s , 2nd 
Ed. ( B e n j a m i n , Menlo P a r k , C a l i f o r n i a , 1 9 7 0 ) , p . 1 1 3 . 
1 5 . S. S p o o n e r and B. L. A v e r b a c h , P h y s . R e v . 1 4 2 , 2 9 1 ( 1 9 6 6 ) . 
1 6 . R e t a i n i n g t h e s e l f - c o r r e l a t i o n t e r m i n T ( r ) r e s u l t s i n t h r e e a d d i ­
t i o n a l t e r m s f o r t h e d o u b l e s c a t t e r i n g c r i t i c a l n u c l e a r DCS i n 
a d d i t i o n t o t h e o n e g i v e n i n Eq. ( 6 . 3 7 ) . T h e s e t h r e e a d d i t i o n a l 
t e r m s a r e a l l i n d e p e n d e n t o f k; t h u s t h e y r e p r e s e n t i s o t r o p i c 
s c a t t e r i n g t e r m s and a r e o f l i t t l e i n t e r e s t . 
1 7 . V. P . W a r k u l w i z , B. Mozer and M. S. G r e e n , P h y s . R e v . L e t t . 32^, 
1 4 1 0 ( 1 9 7 4 ) . 
1 8 . J . D. J a c k s o n , C l a s s i c a l E l e c t r o d y n a m i c s ( W i l e y , New Y o r k , 1 9 6 2 ) , 
p . 1 4 6 . 
1 9 . W. K. H. P a n o f s k y and M. P h i l l i p s , C l a s s i c a l E l e c t r i c i t y and 
M a g n e t i s m ( A d d i s o n - W e s l e y , R e a d i n g , M a s s . , 1 9 6 2 ) , A p p e n d i x I I . 
2 0 . R e f e r e n c e 1 9 , Chap. 1 . 
2 1 . For e x a m p l e , a t i r o n ' s C u r i e t e m p e r a t u r e , T^ = 1 0 4 3 ° K, t h e amount 
o f t h e r m a l e n e r g y a v a i l a b l e p e r a tom i s ^ ^ - ^ c = 0 . 0 9 eV, w h i c h i s 
much l e s s t h a n t h e e n e r g y n e e d e d (^ 1 eV) t o c a u s e a n e l e c t r o n i c 
e x c i t a t i o n . 
- 3 - 1 
2 2 . T h e r m a l - n e u t r o n s h a v e e n e r g i e s on t h e o r d e r o f 10 - 10 eV, 
w h i c h i s much l e s s t h a n t h e e n e r g y n e e d e d (^ 1 eV) t o c a u s e an 
e l e c t r o n i c e x c i t a t i o n . 
2 3 . The H e i s e n b e r g s p i n quantum n u m b e r , S_. , may h a v e t o b e a d j u s t e d 
t o a c c o u n t f o r e l e c t r o n i c o r b i t a l a n g u l a r momentum, c r y s t a l l i n e 
f i e l d e f f e c t s , e t c . F o r e x a m p l e , i r o n h a s f o u r (d o r b i t a l ) 
u n p a i r e d e l e c t r o n s ; y e t t h e e f f e c t i v e H e i s e n b e r g s p i n f o r i r o n i s 
n o t two b u t a p p r o x i m a t e l y 1 . 1 . 
2 4 . H. A. G e r s c h , C. G. S h u l l and M. K. W i l k i n s o n , P h y s . R e v . 1 0 3 , 
525 ( 1 9 5 6 ) . 
2 5 . R e f e r e n c e 1 2 , Chap. 6 . 
2 6 . L . P a s s e l l , K. B l i n o w s k i , T. Brun and P . N i e l s e n , P h y s . R e v . 1 3 9 , 
A1866 ( 1 9 6 5 ) . 
189 
REFERENCES ( c o n t i n u e d ) 
2 7 . W. M a r s h a l l and S . W. L o v e s e y , T h e o r y o f T h e r m a l N e u t r o n S c a t ­
t e r i n g ( O x f o r d U. P . , L o n d o n , 1 9 7 1 ) , Chap. 1 3 . 
2 8 . F o r r e f e r e n c e s o f c r i t i c a l l i g h t e x p e r i m e n t s , s e e a r t i c l e by M. E. 
F i s h e r , R e f e r e n c e 7 . 
2 9 . D. W. O x t o b y and W. M. G e l b a r t , J . Chem. P h y s . _60, 3 3 5 9 ( 1 9 7 4 ) ; P h y s 
R e v . A 1 0 , 738 ( 1 9 7 4 ) . 
3 0 . S e e , f o r e x a m p l e , Handbook o f M a t h e m a t i c a l F u n c t i o n s , e d i t e d by 
M. A b r a m o w i t z and I . A. S t e g u n ( U . S . D e p t . Comm., W a s h i n g t o n , 
D . C , 1 9 6 6 ) , Chap. 5 . 
3 1 . I . S. G r a d s h t e y n and I . M. R y z h i k , T a b l e s o f I n t e g r a l s , S e r i e s , 
and P r o d u c t s ( A c a d e m i c , New Y o r k , 1 9 6 5 ) , i n t e g r a l 3 . 9 4 4 ( 5 ) , p . 
4 9 0 . 
3 2 . D. B a l l y , M. P o p o v i c i , M. T o t i a , B. G r a b c e v and A. M. L u n g u , P h y s . 
L e t t . A 2 6 , 396 ( 1 9 6 8 ) . 
3 3 . J . A l s - N i e l s e n , 0 . W. D i e t r i c h , W. Kunnmann and L . P a s s e l l , P h y s . 
R e v . L e t t . _27, 7 4 1 ( 1 9 7 1 ) . 
3 4 . I n t h e t r e a t m e n t g i v e n by G l a u b e r , R e f e r e n c e 8 , r . i s r e p l a c e d by 
t h e c o m p o n e n t o f r . p e r p e n d i c u l a r t o k_ ;^ h o w e v e r , w h e t h e r o n e 
u s e s t h i s c o m p o n e n t o r r_. i t s e l f makes no d i f f e r e n c e i n any o f 
t h e r e s u l t s . 
3 5 . The two d i m e n s i o n a l i n t e g r a l o v e r A. i s e v a l u a t e d by l e t t i n g k l i e 
a l o n g t h e x - a x i s i n X - s p a c e , u s i n g t h e s m a l l - a n g l e a p p r o x i m a t i o n 
f o r k , i . e . , k " k . 8 and u s i n g t h e i n t e g r a l s 2 . 5 5 3 ( 3 ) , p . 1 4 8 
1 O 
and 2 . 2 6 6 , p . 84 o f R e f e r e n c e 3 1 . 
3 6 . To e s t a b l i s h t h e e q u i v a l e n c y o f t h e s e two e x p r e s s i o n s f o r (JL), 
o n e m u s t b e a r i n mind t h a t t h e 1 ( b ) i n Eq. ( 1 0 . 5 0 ) i s d e f i n e d 
a s t h e l e n g t h o f t h e t a r g e t p a r a l l e l t o lc and g o i n g t h r o u g h t h e 
p o i n t b , w h i l e £ ( r ) i n Eq. ( 6 . 3 6 ) i s t h e l e n g t h from p o i n t r i n 
t h e d i r e c t i o n o f k_^  t o t h e b o u n d a r y o f t h e t a r g e t . 
3 7 . R e f e r e n c e 3 1 , i n t e g r a l s 8 . 4 1 1 ( 1 ) , p . 9 5 2 , and 6 . 5 3 2 ( 4 ) , p . 6 7 8 . 
1 9 0 
REFERENCES ( c o n c l u d e d ) 
3 8 . For s m a l l z , K ^ ( z ) g o e s l i k e £ n ( 2 / z ) . S u b s t i t u t i n g t h i s i n Eq. 
( 1 0 . 7 0 ) , t h e i n t e g r a l i s made c o n v e r g e n t by means o f a c o n v e r ­
g e n c e f a c t o r , e x p [ - a b " ] . T h u s , f rom i n t e g r a l 6 . 6 2 1 ( 1 ) , p . 7 1 1 , 
o f R e f e r e n c e 3 1 , Eq. ( 1 0 . 7 1 ) i s o b t a i n e d i n t h e l i m i t a -> 0 . 
3 9 . W. A. Holm and H. A. G e r s c h , P h y s . R e v . B 1 3 , 4 9 8 4 ( 1 9 7 6 ) . 
4 0 . H. A. G e r s c h and W. A. Holm, t o b e p u b l i s h e d i n t h e A u g u s t 1 , 
1 9 7 6 , i s s u e o f P h y s . R e v . B. 
4 1 . J . B. M a r i o n , C l a s s i c a l D y n a m i c s o f P a r t i c l e s and S y s t e m s , 2nd 
Ed. ( A c a d e m i c , New Y o r k , 1 9 7 0 ) , p . 3 8 4 . 
4 2 . R e f e r e n c e 3 1 , i n t e g r a l s 2 . 5 5 3 ( 3 ) , p . 1 4 8 and 2 . 2 6 6 , p . 8 4 . 
4 3 . J . T. C u s h i n g , A p p l i e d A n a l y t i c a l M a t h e m a t i c s f o r P h y s i c a l S c i e n ­
t i s t s , ( W i l e y , New Y o r k , 1 9 7 5 ) , p . 1 5 8 . 
4 4 . R e f e r e n c e 4 1 , p . 2 5 , Eq. 5 . 
4 5 . R e f e r e n c e 4 1 , p . 2 3 . 
4 6 . R e f e r e n c e 4 1 , p . 2 5 , Eq. 4 . 
1 9 1 
VITA 
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